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' i 

The following are notes of lectures held at the University of Vienna 
in 1975/76 and at the University of Linz in February 1976. There the 
main part of these notes has been written and revised by Prof. J. B. 
Cooper, who also invited me to Linz. I thank him and the other members 
of tiie enthusiastic and inspiring audience at Linz who helped to bring 
the presentation into a somewhat final form. The notes were multiplied 
with the title: 

Classification of elementary catastrophes of codimension ^ 6. 

Institutsbericht Nr. 51 of Johannes Kepler Universitat Linz, 

Institut far Mathematik. 1976. 
After that 1 received letters of D. Siersma and Tim Poston, pointing 
out mistakes. The lectures were next given at the University of. 
Klagenfurt in 1977/7B, where also a multiplied version of the- (corrected) 
notes appeared under the title: 

Elementary catastrophe theory. Institut fUr Mathematik, 

universitfit fur Bildungswissenschaf ten , Klagenfurt, 1978. 
Then the lectures were held at the University of Mannheim in 1979, 
where §10 was added. 

Prof. M. Craioveanu suggested to publish these notes at the University 
of Timisoara. Since there is a slightly increasing demand for them 
and am tired of photocopying. I happily accepted this offer and I thank 
Prof. Craioveanu for hi8 offer. 

This book also contains a reproduction of my paper': The division theorem 
on Banach spaces, with the kind permission of the Austrian Academy of 
Sciences. 

In the expo8ition I have mostly followed fejJ (see the list of * 
references at the end) but also have taken many details of proofs 
from t23,[6],&4. [2I]jhe exposition of §9 differs to some extent 
from that of [2?], 8ince in the latter there are some serious gaps. 
Let me indicate, that there I do not not need any kind of the rather 
difficult concept of stratification. 
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§0. THOM'S THEOREM: 

Suppose that one has a physical system described by external 
parameters which range through an open subset of (e.g. 
space-time) and n internal parameters. Assume that the 
behaviour of the system is determined by a potential i.e. a 
smooth function f from fi D x <R^ into © so that for 
a given y£ft^ this function aissumes a local minimum (with 
respect to the internal parameters). Then the possible states 
lie in the set 

Mf [(x.y) £ <B D X fi 4 : ^ C *,>j - ■ " ' - - fev) = °I ' 
One hopes that, under general conditions on f , Mf is a 
suhmanifold of CR D X (fi . Motivated by these considerations, 
R. THOM formulated the following theorem which has since been" 
proved by the combined efforts of MATHER, MALGRAtfGE and others. 

Theorem: The following assertion is true for any r if n»1," 
for r$£ if n»2, for r-c 5 if h>3: 

there is an open, dense subset . £ of C°°( ft n xfi r , B- ) so 
that for each f £ 3 , 

(a) Mf is an r-dimensional manifold; 

(b) if denotes the restriction of the projection 
"5\ ; ft n xfi r — >& x f then every singularity of ^ is 
locally equivalent to one of a finite set of types - called 
the elementary catastrophes ; 

(c) 9^ is locally stable with respect tx> small changes 
in f; • - • 

(d) the number of elementary catastrophes is jus-t t if 
n*=1 and is given by the following table if n£3 (n*2): 

it 1234567 8 
1 2 5 7 11 (]4)** 00 \ 00 

The purpose of this course is to give a complete proof of 
this theorem. ' 

To clarify the above formulation, we reoall -some notation. 
On the space C°°(© m ^ ' f B ) of emaoth fMUctions from & m 
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into & we employ the Whitney topology which is defined later 
(cf. §9.1). 

: M f -v© r is singular at (x f y) e % » if the rank of 
d ^(x,.y) is not maximal. 

Two functions f,g from fi m into R r are locally equival - 
ent at i, x 1 if there are open neighbourhoods U, U' of 
x, x f in B m resp. open neighbourhoods V,V f of f (x) , 
fix 1 ) in fi r and diff eomorphisms <^> : D". — >U f , 

: 7 — 3>V f with ^(x^x* and vj/ (f (x) )*g(x' ) so that 
the diagram ^ 

U > V 

H ■ . 

Xji & > yi 

commutes • 

A function f is locally stable if there is a neighbourhood 
of f (in the Whitney topology]) which contains only functions 
which are locally equivalent to f . 

§1. THE 'Rlffia Off GERMS OF DIi?:^i.EKTlABL3jI gUMCTIOKS : 

1.1. A germ of a smooth function .at £ © D is an equivalence 
class of smooth functions from a neighbourhhod of in (R n 
with values in K under the relation 

• ( f ; jj^b ) (g : T — » B t >~/ *l W 58 eiw ' 

»W. Wot w 

The §pace of germs of functions is a commutative ring with 
unit (more precisely an B -algebra). - we denote it by 
•£ n (R >0) or more simply by £ n . 

llien f€.£* is invert ible* if and only if f(0)^0. 

1.2. The partial derivatives (w.r.t. sorie basis l x i » *" ,x *il 
of B ). are clearly well-defined and themselves elements 
of £n . «»e denote them by ^f/ix v (i«1, * • »h) . 

Bef . We* denote by JA^ ( = -M,^ ) the ideal of germs f so 
that f(0)=0. 

Def . A local ring is a commutative ring with unit which 
possesses exactly one maximal ideal M (then, of course, 
the quotient ring A/M is a field). 
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Lemma : f n is a local ring and ^K, n is its maximal ideal. 
Proof : It is clear that ia a maximal ideal (since it 

is the kernel of the ring homomorphisms f \ > f(0) from jf^ 

onto the field H ). On the other hand, any proper ideal 

is contained in Ai^ since it cannot contain any invertible ♦ 

element. " 

1.3. !2ef. We denote by *A. n (k^M ) the ideal of k-jfla t 
germs in ^ n i.e. the germs f so that f and its partial 
derivatives up to order k-1 vanish at the origin. 

For example* the coordinate^ functions x^ , — ,x n are elements 

of Jl* and a monomial x\ A xj? (i h eM ) is in >M% 

where leai^* 

Proposition:: (a) is gensnated by £ x A , - ,x^} (as an i n - 

module); ^ ' 

(b) JC » I^J that is, the ideal generated by the 
products f^.- - - . f k (where each f^ is in Ut n ). 
Proof : Let f : U — v© be a representant of a germ in "f^ 
where U is a convex neighbourhood of 0. Then if tP»x~] 
denotes the segment from to x we have 

*(*> - f(o + .r^df , .*•' ■* 

- f(o) + Z:fx, >L (A.x)ofX 

- f(0) + Zx^.h^x)' 
where h(, : x x)d*X. 

Then h^^ and so (a) follows immediately (since if f6.^C n 

then f(0)=0). • • ' te-1 

If fC-K^ , th«a h L e ^ 1 and so c^;^"\ The 

result then follows by a simple induction proof. 

The converse inclusions are ttivial. 

1.4. T)ef . We call the quotient space "£ n /U< n (written 



J te ( ^ ,0) or simply J^) the algebra of k-.iets of smooth 
functions at the origin. . The Taylor expansion shows that 
is canonically isomorphic to the space of polynomials of 
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degree ^ 1c - (the latter with multiplication, obtained by 
cutting terms' of degree ^ k in the usual product). 
Similarly, -JirJ-M^^ is canonically isomorphic to the vector 
space of homogeneous polynomials of degree k In n- variables* 
fhus'if ;jk : ^ — is the canonical projection, we can 
identify j^'f . with its Taylor polynomial of order ft ato. 

is a ( finite-diaiensonal) local ring and is a local 

xittg morphism, 

1.5. 3fakayama g s Lemma : Let A be a local ring with maximal 
ideal lj(1.2>. If M is an A-module, M ! , M T ' submodules 
of te with I s finitely generated , then 
' M f c IV 1 + I.M 1 ==> M' C M f »* 
Proof : Let N :« (M f + M S9 )/M f Then 

FC(M f * + I.M f )/M f ' = I.(M f > M M )/M ?f ' » 

.We must show that H=0 (i.e* we have reduced to the case 
M ,s =0) a 

Let (n^, - — ,n^) generate N. Since I. IT "5 N there exist. , 
.(a^j)c'l with y 

i*e» (I - A) *n = where A is the matrix (a^ ) and _ n 
is the column .vector with entries ' (n^ , - ,rip ) . Now the 
determinant. det&*#^ has the form 1 +a (where ,and 
so is invertible* Therefore the inverse matrix (I - A)"" 1 
exists (it "is calculated exactly as in elementary Linear 
Algebra) and so n^aztj* — s=np»Q i.e» IT = lOj . 

.1i.6. ' Proposition: Let I^-fy, toe an i ^ ea3 -- Then the foll- 
owing are equivalent : 

(a) .1 2 4Ch ? 

(b) j^D 2 ^C/^ 1 i.e. 1 * ^n 1 *^; 
Proof : (a)^>tb) is trivial. 

Cb)^(a) follows from 1.5 (take M' a , M ff « X)/ 
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Corollary : (a) f^ • , fp generate -M,^ if and only if 

3 k f n generate 'the vector apace ^C^/^ 1 (of homogeneous 

polynomials of degree k in n variables); 

^b) if I is an ideal in i n , then the following are 

equivalent: . 

(i) there exists, a k with ' J. 2 " 

(ii) I has finite codimension in ^ (as an £ -vector 
apace)* . 
Proof : (a) Apply the proposition to the ideal I = <f i , ,f p >g 
generated by f 4 , ~:~ 9 fy in . ' ■ * 
(b) (i)^(il) is trivial. 

( ii) ^(i) consider the onain * 

2 I + 4 n ^ I + M.*2 — 2 1+-^ 21+ ^ 1 "2 * • • '* 

Since I has finite, c odiraens ion. ., there is. an r with.. 

I + = I + 

i.e. Jin I + -*e I + and w€f can apply the 

Proposition* 

go * 00 & * 

1.7* We denote by the ideal £){^ Y of flat functions, 



It is not finitely generated. Put J*° :=» / Jtl^ 

Proposition: « & lL x i * * x »vGl tiie Xing of formal power 

series in n variables. 

Proof : The isomorphism is induced by associating to f 

its Taylor aeries. We need only show that, this is surjective* 

This is a special case of the following "Lemma* 

Lemma : For c^€W^, 1 Vt f^ : TJ — a smooth function 
defined on a neighbourhood of in <R p . Then there exists 
a smooth function f : V—^B where V * is an open' 
neighbourhood of in flR n XtR p so that j£ f(0,y) » f^(y) 

( ^£l< , y€« p ). j ^ 

Proof : Without loss of generality we can assume that each 

f^ is defined on (R p and has compact support. Let - g 

be a smooth function from B n into £o,l] so that 

p s x k ^ C 1 if \\x \\ X T/2 

\ \o if ||xll>1. 
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fte shall sUow that we can find a sequence (t^ ) indexed 
by ttsl* so that the sum , 

X ^ 6 (C*«(y>M U« P (i* .*>> 

converges uniformly for. each multi-index & . 
*hen if 

f : (-x,y) w— > 21 ^ } ^.o(t^ .x) 
* *! v 

we can differentiate terra by tern* to obtain 

^ f(0,y) = 2f.(y)Z(^^4;| Cp( Vl ) 

J * f^(y). . 
To determine (t,^ )., we manipulate as follows: 

where \|/^ : y^— ^y* ^(y) vanishes for l(yH>1. 

Hence," since f^ has compact support 

■ M* max (f , (y) f,(x)) : I^Uw] <^ * 

Then "we have 

z\^(a,(yj/,!)x^c^))U J(ir(t-f l 

and sfo it suffices to choose (t ^ ) so that. 5 < 

1.8, Corollary : (a) J*' : > J~ is"« surjective 

^algebra' hooomorphism ; 
^b) is a local ring with maximal ideal ^C*/A^ » 

(a)- J n "is a Noether ring with unique prime decomposition 
(see J acobs on.) . 

1.9; Lesuga.- ; dii^ - dlm^ fyjtfi" - ( |||f ! • ' ', . 

Proof: By induction on n and k. Ehe cases n»0 and k«0 
are trivial. 
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In general we have that i^tM.^, the space of polynomials of 
degree lc in x 1 , ---,x n , is the direct sum of the space 
of polynomials in degree £k in x 1t — ^ and x^ times 
the space of polynomials of degree ^ k-1i in x 1f --- 
Hence its dimension is 

i 

§2, THE GilOUP OP LOCAL BIWSQ^OmilSida Off (R n : 

2.1. A fierm of a local dif isomorphism is an equivalence class 

of functions : U > U' where U, U f are open neighbour-: 

hoods of and § (0)»0 so that (J) is a diff eomorph^ 
ism on so»me open neighbourhood of (equivalently , P(j>(0) 

is invertible). The equivalence relation is defined exactly 
as in 1.1. The set of such germs is a group (with the mult- 
iplication induced by compositiqn of functions) which we 
denote by L(R D ,0) or L r 

2.2. The group of k- ,1ets of loca l dif f eomorphlsms : if <$>€ L n , 
k£ , the Taylor expansion of $ up to order k- has 

the form 

p i + + — + p k. + t> 

where P 1 » D^)(0)£ Grt(n,E ) and P r is a homogeneous 
polynomial of degree r from (R n into C2 n . The coordinate 
functions of the remainder term £ are elements of M^y^ . 
The germ is k- flat with respect to the Identity if 

P^ = Ic^n , P^ss sP^pOji.e. if the coordinate functions 

of §> -I^d are in 

Lemma : The set of k-flat germs is a normal subgroup of L^. 
Proof : We have displayed above a natural mapping, from L n 
onto the space of polynomials ! 

P 1 + ~~ - + \ 

of degree k from R D into & n with P 1 invertible. 
Now this latter space is a group when multiplication is 
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defined follows: if ?, Q are such polynomials, let ? *Q 
be the usual composition of P and Q. The terms of degree 
>k are dropped to obtain the group product P.Q. 
Now the mapping mentioned above from L h onto the polynomials 
is a group homomorphism and the space of k-f lat germs is 
precisely its kernel . 

Def . The quotient group of L^ with respect to the normal 
subgroup of k-flat germs is called the group of k -Jets of 
local diffeomorphisms at and is denoted by L£. We write 

for the canonical projection from L^ onto IiJJj. The 
proof of | the Lemma shows -that L^- Is naturally isomorphic 
to the groups of polynomials of degree < k with invertible 
linear parts. 

2., 3. Proposition ; The group Ljj has a natural Lie group 
structure.- 

Proof : L£ is an open subset of the finite dimensional 
vector space *^ of all polynomials B 1 + --- +P fe of 
degree < k without constant term (for l)* is the set of 
polynomials for which det P 1 £ '0) . Thus L^- has a global " 
coordinate system, defined by the coefficients of the poly- 
nomials ^ (l<r^ The product L*xL^ > L* is 

defined by algebraic operations on the coefficients and so 
is analytic. Hence Ljj is a Lie group (analyticity of 
inversion follows from an elementary result on Lie groups - 
see Conn., Lie groups, p. 44) . 

Remarks : 1i) the group L^ is Just 6L(n f fi ); 
2) for k f £ k there is a natural projection from L~ 
into L^ and this is a Lie group homomorphism. 

2.4. The group L^ operates in a natural way on 
<^>£ L n then the mapping 

(J>* : f h * f o<j> 

is a ring automorphism of ^ and the mapping 



$ \ — * 
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is a group antihomomorphism from into Aut^ ( V. 

In particular, wo have' §r (Jyt£ ) - -4^vT for each since a 
ring automorphism preserves the unique maximal ideal and its 
powers • 

Def . Two germs f ,g £ i A are ( r ipht ) e q ul val ent ^written f ^g) 
if there is a <|>€. L n so that fo^> » g i.e. if f and 
g are in the same L^-orbit in . 

£.5. Since (J>*(^* 1 ) « -^n* 1 for e »ch $ € is 
an L^-submodule and so jjf = / is an L n ~module 

and jte : f n > jjj is an L^-module horaomorphism. It is 

clear that the ic-flat germs act trivially on i*e. we 
have the following factorisation 

L n » Aut, (J*) 

. u It 

On the other hand, a <p £ operates oh f £J^ as follows: 
one forms the composition f ©<j> and drops the terms of 
degree ^ k 9 in other words, one has the following commutative 
diagram: 

L ^ — > Autt (t m .) 



1 , 



±n symbols, ^(f.^) * j k (f).<|> - J^tf ) '.J k ( > >. 
BemarJc : The operation of I» M on «*ty, /Ay, can be factorised 



as follows 



J 1 J 



L. — '■ . ■ ' > Aut C-#Jm!T> 



■L\ - GIi(n, ft ). 



2.6. Infinitesimal generation of L n , We write (t,x 1 ,---,x n ) 

for a point in B X ft . Let X be a smooth vector field 
on an open neighbournood of ft X [0} in K xft D of the form 
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X(t,x) = \ + IX L (t,x)^ 
where X (t,0) = (t € E :). 

The integral carves of X are functions u : B — >> <R x fc< 

with <*u/ols * x ( u ( 3 )) j i.e . solutions of the ordinary 
differential equations 

go s ! ; .gt(t-,x) = X L (t,x) (i«1,— ,n). 

The assumption X t (t,0)*0 ensures that P (i*e. the 

curve u =i%, u L =0 (i=1» — ,n) ) is a solution. V. r e denote 
"by "t | — ^ (t,(|>(t,x)) the solution of the equation with 
initial cohdition u(0)=4o,x). Then by the theory of ordinary 
differential equations there exists an 
open set UC^xfi n containing 
£0,1]x[o] so that 

a) TJ is the union of the integral 
curves of X* which pass through' 
(0,x)£U; 

2) every integral curve in U is defined 
on a neighbourhood of the interval 

3) for t€[0,l] the mapping 

: x \— >^>(t,x) 

is a diffeomorphisms from U onto U fc where 
U fe :* [xe E D : (t,x)£Uj. 

In addition ^(0)=x0 and (J> » I d^ n • 

We have thus defined a mapping X< — > ^ which maps 
certain. germs of vector field-along [0,1] x^O JcEx£? n iuto 
elements of L n , i.e. it maps VL([O f l] ) >^r\ 

(where . VL ■ denotes the set of vector fields satisfying the 
conditions imposed above on X), This mapping is not surjec- 
tive since one can calcul&e that det T) ^\.(0) > (since <jj> 
is infinites imally orientation-preserving!). 




2.7. Lemma: Every ^>£I»^ with det D cj)(0) > is in the 
range of the above mapping • 
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Proof: We can write <}>(x) = Ax + vp(x) where • A D<J>(0) 
and the coordinates of* \ty are in Jjft . Since det A > 0, 
there is a curve t i — *A(t) from & into GL(nJR ) with 
A(0) = Id, A(1) =* A. Let § be the mapping 
(t,x) i > A(t).x + t|(x) . 

For each t€R , xi > 4> ( t ,x) is tie germ of a diffeomor- 

phism at and cj> = Id, Consider the vector field 

*<*■*>-. He + & W 

where § « ( 4>^ , , (J> n ) . Then by the construction, 

t i > (t F (jp(t,x)) is the integral curve of X. 

2 * 8 - Hemark : If the components of the vector field X (of 2.6) 
are k-flat in each point of <R x (k£1), then the 

germs of the dif feomorphisms c|> t are k-flat w.r.t the 
identity. 

2.9* We can identify ^ n ( » Jfc^x — x J^- u 21 factors) 
with the germs of vector fields at zero which vanish at the 
origin (by the mapping (X v ,Xj *— — * X x l^X£. )■ 
If X £ the vedtor field* X :=* \y + X defines an one- 
parameter subgroup <^ of X I^ by the process described in 
2.6 (it is a subgroup since the Xj, • are Independent of t). 
The mapping * 
X 1 : ^ X 1 * ^ 

from rf^ into L n is called the exponential mapping and 
one writes ^ = exp X. Clearly, <|> t * exp (tX).- 

2.10. is the tangent s^ace to the I>ie group I»£ fit 

Id^Q (since is open, in X* ) . rf* is thus the 

underlying vector space of tl^e Lie algebra, of We have 

a natural group homomorphism : > L^ (2.2) and 

a natural projection : ^—^^1(2.3), « .< 

Proposition : The following * dlagraim is commutative^ ' - • * 

•■r-u ; ■ - ' 1 • 

r-f, • - ? . . .J 4/ , • cx y ...... V > < ■ > ■ m ■ ; . 
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Proof : If X £ «*fv\ and <j> t = exp tX, define 
(|> t te :» j^exp tX) ( €Lj ) . 
is a»one~parameter subgroup of and 

and this characterises the exponential exp t j where 
£ :=* Thus $ » exp t £ . 

Thus we have the following method for calculating the expon- 
ential of £ » j^X C*^. We consider the vector field 
defined b* X in R^ 5 , integrate it and obtain a* one-para- 
meter subgroup i4tJ of* local dif f eomorphisms. Then 
exp tf J 3 fe 4> t . 

Remark : We can give a natural Lie algebra structure 

as follows: if X f Y one can take the Lie bracket [x,y] 

of the associated vector fields. Then ^X,y] C St^» One can 
show that the* Lie bracket in the Lie algebra is given 

by the formula [j^X.^y] "« ^[x,y], 

2-. 11. Far fC^, Xe/ H (X»'Zx c ^with X-€>CC n ) 
we put. 

* t Cx) (= P(t,x)):» f.exp tX. 
Then f\^£ Yi for each t and T? » f. 

Propoaltion: ^U' Z . frX?)' 

(this follows from the definition of an integral curve of a 
vector field). 

We call tn^Xf the infinitesimal action of X on f . 

£he mapping t i > j^P^ is a smooth curve in j£ through 

j^-f and it is contained in the orbit of l^f under the action 
of L n . ' T^e vector 

\ Ml*.. £ # 

u k 

is thus a tangent vector to the orbit *L„. 
By the general theory of Lie groups, the. orbit of is 
an immersive submanifold of J„ and the tangent spaae to 
the orbit "of j 1 ^ at j*f is exactly the set of vyctajm 
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ohtained above (infinitesimal action of the Me algebra 
on jfef). 

2.12. Proposition : TjVp( 3 k f »L^) € is the subspace 

of j£. 1 

§3. FINITELY DE TK RLIINEP (tERMS ; 

3.1. Def. Two germs f,g in are k- equivalent 
(written f £ g) if j k f = jj^g in J*. 

Recall that f and g are right equivalent when they are 
in the same L^-orbit of "^(2.4). A germ f £ £ is 
k- determined if every germ g which is k~equivalent to f 
is right, equivalent to f (i.e. gj^f— ^ g ^ f ) . 

3.2. Lemma : Let f '£ be k-determined. Then 
1.) g & £ g is ic-determined; 

2) g /^f — *> g is k-determined 

(i.e. the property of being k-determined is essentially 
a property of j^f ) . ■ 

Proof : We need only prove 2) (since g ~ f «— ^ g /<, f as 
f is k-determined) . ^ 
2) Suppose that f « g*$i ( 4>i £ i n ) . If h ^ g then 
i*h - i*g - J*(f . ^) - ^f.J*(fc 1 ) 

and so j k (h % ^) - (J k h),(3 k ^) - 3 k (f). 

Thus h ^ ~ f and so there is a 9* € L^ with 

*f «g»^ , . i.e. h.(fy* 38 Hence 

3.3. definition : If f £ , we define 

.AC*)-*- <% M > --»^> fn 

the ideal generated by the partiaj. derivatives of f with 

respect to a given basis ^x^, fX^J for B n • £V(f) 
is independent of the choice of basis. 
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3.4* Lemma: If f £ i n \JHn and f := f - f(0) then 
A.(f) = A-(f') and f is k-determined if and only if f 

Proof : A(f)=A(f<) since = • 

f Jtg 4==» f ' ~ 2* and f<0)*g(0). 

f * g*<j> f f =g f o<j> and f(0)»g(0), 

i.e. f ^ g ^ f'/^/g' and f(0)=g(0) and the result follows. 

Thus in examining k~de termination we can restrict our 
attention to germs f £ M,^ 

f 

3*5. Theorem : Let f be a germ in Ji n . Then 
M$ S .^(f) + X^^3 fe (^) c p{Jl n .&(£)) 

=$► f ist k-determined J^**€ Ji^.tiW+JUL* 1 

4r> j t,1 w? 41 ) -c . ^(f ) ) . 

Proof : The equivalences follow from 1.6. 

**e now prove the first implication. Suppose that ^c^^ £\(f ) • 
Take g € € n with jfc(f) - j k (gK We must suow the existence 
of £ L n so that f <$> = g. Define 

P : (x,t)i » (1-t)f(x) + tg(x) (tc e , xCK n ) 

and denote by F t the function x t > P(t,x) so that 

P° » f , P 1 = g. To prove the result we use a homotopy-type 
argument. We make the following 

Claim : If t o €[0, V] then there is a family in L^^ 

defined in a neighbourhood of t , so that » id, P t .r b 35 F c ° 

for each t ... 

The result follows from this claim by a standard compactness 
argument. . * 

Proof of claim : vVe denote for the moment by £ n4>1 the ring 
of germs from ( B D Xf* ,<0,t )) — » B 9 and by its 
maximal ideal. There is a natural injection TC* : ^ — * 
induced by the projection m : <R n x B — > R . Hence we can 
regard as a subspace of M.w Now 
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since ifr S ^" < ^""'^ < - -t( W ,--tt|?.<fw< 

Thus, by Naicayaina, ^ - f nH c 0£ M . . ,*% Xy , >, . ' 

How ^ t = g-f € < C -O c ^ <>g^ — , 
i.e. %(x,t) =-. 21 Xj^U.t) where each ^€ <^ } \ 

= 21 Xja^jCx.t) for suitable (a y ) in • 

Let J : (<R n X R i(0,t o )) >((R D ,0) be the germ 

defined by the function 

(x,t)«-> ( 2 x jaoj (x,t)) Uv .. w . 

and consider the ordinary differential equation 

^ t (x,t) . - J> (T(x,t),t) 

for (x,t) near (0,t ) with initial value r(x,t 6 ) « x. 

There exists a smooth aoLution T : (lR n x R ,(0,t o )) — *( C: n ,0), 

By uniqueness we have T (0,t) » since ^(0,t) - 0. 
A simple calculation., involving the abov?e equation for ^£ 
shovsthat \i (x,t),t))=0 and so F( r (x,t) , t,)) is 

constant as a function of t. Since t i — det d r(. f t)(0) 
is continuous and f* (• >t )»Id^n > V (. »t) is an element 
of tor t near t^ . The equation: 

*(r (x t t),t) * f( r( x ,t ) r tj 

for t near t is tae required result. 

V/e now suppose that f £ v/C^ is k-determined and show that 
i*\JtT) <S j* 1 (X*.&(f)). let 

JP == 1§ € ^ : g ~ f] '» f + Jt* 

Q := [g € s g ~ f J * foliv,, the orbit of f under Ii n . 
Then jfci(P) = j^(f) + M^') « ^ 1 (f) + ^'M^ 

i la 

which is an affine subepace. of the real vector space J^, 
in particular, a sub man! £ old. 

j Wl (Q) - j tal (f«L n ) « j kt (f).Mn«) » 3^ 1 (f).L^ f 

the orbit of j^* 1 (f) under the finite dimensional Lie group 



-1b- 



jj& ( c f. 2.<- >.5, 2.12) and so an immersive subraanif old . Also 
(2.12), 

Since f is k-determined, P£Q, in particular, j fel (J?) Q. j^ +1 (Q) . 
Ihus Tj^p (d k+1 (P)) <£ Tjk,i f (j k41 (Q)) i.e. j^ 1 ) s ^.^(f)) 

3.6. Corollary : 1) f £ is finitely determined 

^jK^<5 &(f) for some k: 

2) f eJ(yj\4 f is 1 -determined". 

Proof : 1) f is k-determined «a> £ <S A CP) 

On the other hand, if &(f) then 

and so f is (k+1 ) -determined. 

2) If f C^y.N^tvi then >jx (0) j£ for some i and 

so A(f) = ^. Then ^ e oK* L ( f ) i.e. f is 1- 
determined, 

3-7. IJef. Let f £ > £ x 4» — >*v£ be a ^ ixed basis of lft n . 
^ e essence of f (w.r.t to these coordinates) is the 
smallest k for which each x; occurs Cwith non-zero 
coefficient) in j*f. We write ess(f) for the essence of f. 
det"(f) denotes the smallest k for which f is k-determined ♦ 
Corollary : det (f) ^ ess (f) {for any basis). 
Proof: If k < ess (f) then g = j^f doesn't contain "x{, 
for some i. 'Ihen no power of x^ lies in A(g) ,and so 

A(g) for each Z^O. Then g is not finitely 
determined (3.5), but g & f . ,If f , were k-determined, 
then so would be g (3.2.) -contradiction. 
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§4, CODIMENSIQN : 

Def. If f the codimension of f ( written codim f) 

is defined to be dim^ M.^ / A ( f ) (note that c ^ 

since ^ tJC^ for each i) . 

4. a. Lemma : If f tnen codim f = oo if and only if 

det f = oo and if they are finite, then det f ^ codimf+ 2. 
Proof : Consider the chain of vector spaces . ■ * 

There are two cases: 

Case 1: There exists a k so that + &(f) * + /\ ( f ) . 

We can assume that k is the smallest such intege'r. Then 
by Nayakama's Lemma, Jl§~^ and so vCt^ q JA,^ A(P ^ 

I.e. f is k-deterrained. Then det f ^ k and codim f 
is greater than the length of the non-3 1 at ionary part of the 
chain i.e. k-2. 

Case 2: The chain is strictly decreasing at each term. 
In this cas^ both det f and codim f are infinite. 
For if det f < oo , then ^cA(f) for some k (3.6) 
and so Jl* + &(f) » &(f) * 0£^+ M f ) we would 

have Gase 1. 1 
Similarly codim f * oo since .we have an infinite, strictly 
decreasing chain of subspaces between A(f) and M*y\. 

4.3. We introduce following notation: 

Ic : = € • codim f = c } 

1^:= [f e^vj : codim f ^ oj 
Z c :» {f <£ A^ : codim f } cj 
Then we have the following partition of 

4.4. Theorem : If ^ c ^ k-2, tnen i^-(M^) is "the disjoint 
union, of J*(Xi c ) and 3*(2E M )- and )H Z c ^) is- a 
closed real algebraic set in i*(Ut* ) * 
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Proof : If, :£Jl^ we define X (f ) to be din^ / A(Pj+ i( a • 

Then if g&f, ^ (f ) = 'C(S) (i.e. depends only on 

jkf) (for f-zZJlT and5o^ : ^e< ie. Aff/ * AfafJCj. 

We claim: (i) ? (J*f ) < c ^ codim f = t (f ) i.e. 3*f £ ^(Qjj 

(ii)TQ^) > c ^> codim f >c i.e. j k f £ j fe (Z c+1 ) . 

T-his implies the first statement of the Theorem. 

To prove these claims, consider the following scheme (the 

symbols between the spaces denote codimension): 

few 



/ 



1 




^ and <f~ are defined by the diagram. 

Fote that is always finite although codim f can be 

infinite. 

Case (ii): we have codim t^%{J\f)) > c - clear. 

Case (i) : we have k-2 £ c>T^(f))- Consider the chain 

There are steps and dim Ji n ((&$)*M^ ) < Hence 

one step must be trivial ±. i.e. there Is an i^ k so that 

Hence by Naya&ama's Lemma XCyj <£&(f) and so U^^CsXf) 
i.e.Osk(f). '^iierefore codim f *T<jKf)) and so (i) holds. 

We now turn to the second statement. Since t(j^ (£));> c, we 
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Hence 

and we show that the latter set is real algebraic. 
Let fa , — ,x^j be a basis for |R n and number the monomials 
of degree ^ k as follows: 
x i x < x $ ~ ~ * 

1 x^ x^ x* x n x* " " xjf" 

to form a basis [X^ : ^ = ^ffff ! ] of J*. 

If z= (where fe^'), then z has a 

representation of the form 2EL a,X;. i'hen 

has a representation of the form Jl a,;X, where $ : = - 

and each a^ v : is a wuole number xaj • Now 

is tne subspace of J^'Vi^^) generated by $ ^£ X. : i=1.,---,n? . 

L J J»V",f J" 

Now we can write ^fj^* x j as 2- a i,j £ where each ay £ 
is an a^. 

Let M be the n( § ~1i)x -1) matrix (a^^) so that its 
columns consist of the coordinates of a set of vector's which 
spans (Mf)+4n • . 

Then C Cz) <K dim^ ( A ( f )M* < K 

i.e. if and only if the rank of M is less than K, or 
equivalently, if the K-minors of M vanish. Now the 
condition that, a K-minor of M vanish is expressed by 
the vanishing of a polynomial in ^a* ] with whole number 
coefficients. Hence 3^(2 C 4i) is a real algebraic variety 
of dimension ^jffi * -n-11 in the real vector space ). 

4-5. Corollary : '.1 is the disjoint union 

where each is the difference of two algebraic varieties 
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4-6. The or m: If f € x>K^ and codim f = c with 
then j k (foL w -) * j^f.!* is ? an immersive submanifold of 
) with codimens ion c. 

Proof : In 2.12 we showed that 

T jfef ((j te f).l£) = j k (J(*.&(f)) C J k U*). 

Now by 4.2 det f £ (codim f) + 2 « k and so f is k- 
determined. Hence J(** 1 c.#„.&ff)(3 .5) • 

How the codimension of (j fe f).L n in j E ( Jt n ) ia 
;dim j^W^ ) - dim j te (**U . Mf) ) 
j = dim (^/UC^ 1 ) - dim A(f)/4S* 1 ) 
= dim (U(J/0(C« • &(*)) 
and since Jl* / Jl*. AtfJ * ^ /«A(J $ ^ A/(«. &(J J 
this is equal to 

dim '(^/Jtlri-ACf)) " - dim C^V^}) 

» dim ( A*/ A (£)) + dim ( A (f )M* • A (f ) ) 

— dim (-U n /Jl* ) 
- c + n — n. (by the following Lemma). 
* e. 

+ •7*. 'Lemma : If f with codim f < «0 , then 

diufcCMfJ/^.tUf)) « n. 
Proof : A typical element g of A(f) has the form 
2. ^"k* 1 e aah a. ^ "f h . We write a. » aj + a,(0) 

so that each aj, £ Then g » 2.a^°) < ( mod **di-. 

and so. dim( & (f )/Ji YK . &(f ) ) £ m » 

We now show that £^x^ is nearly independent mod . A(J ) • 
If not, there would exist in IB , not all zero, so 

that ^c t %^= X\%^ 0>„fcuH A >. 
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Then X 2. ( c c~ b t) ls the & erm of a vector field 

at. with MO; £ 0. Then we can find new coordinates 
£y-) » »y^} in a neighbourhood of so that X » ^ % 

Then Xf » i.e. » in a neighbourhood of $ero. 

But this implies that ess f a oo , with respect to tnese 
coordinates and this gives a contradiction since det f £ ess f 
(3.7) and so det f » ao which would imply that codim f . » oo 
(4-2). 

§5. fthE PREPARATION THEOREM : 

5-1* The division theorem : Let d : fi xfc D -~^fi be a C°°- 
function defined on a neighbourhood of so that. 
d(t,0) » t fe d(t) 

for some k £ Thl and d a smooth function from & into R 
with d(0) ^ 0. Then for any smooth f j RXR° » £ 

(defined on a neighbourhood of zero) there exist smooth 
functions q,r : Kxfi 0- ^ R t de/ined near so $hat 

1) f =* q.d + r (near 0); 

2) r has the form 5L r.XxJt for suitable smooth 
functions r £ ■ • - 

For a proof, see £4], * v - 2 -1 (p- 95) or §6.5 (p. 57). 

5.2. The preparation theorem ; Let f : ( fi D ,0) — ^ (B 5 ,0) 
be a smooth germ, f * : — >f n the induced ring homoraorpnism. 
Then if 1 is a finitely generated ^ n -module, the following 
holds : 

M is finitely generated as an -module (via f*) if 
and only if din^(M/U % M^) .M) < oO . 
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Proof : «^ ) * T f M is finitely generated as € p ~module, then there is 
a sur jective c -module homomorphism 8 p - £ p $ £ p ^ • • • O £p — * M. 
Then K k =e<f /# p - — * M/jtt p .M is also sur jective, so dim^ M/U(^.M <k. 

<$m ) Step 1: Let n = p+1, let f: (K n = IRxfi p , 0) -?OR P ,0) be given by 

f(t,x) = x. Choose a 1? a 2 , ♦ a k € M which generate M as C^-module 

and M/lt *M as real vector space. 
P 

Then any m « H can be written in the form m = ?> c j a ^ ^ 2 j 8 j ' 
where c^cE and z.* f *t*p)-^ p+ i • This is seen as follows: 
m = ^ Cj a. + b for c^ *JR and b«f*Up).M . Then b = 2 y q b q for 
y q «f*C* p ) and b q €M , in turn b q * ^w jq 8j for w jq « and we 

may take 2j ,= £ y q w jq * f*v* p ).^ +1 , 
Now we use this for m a t a^: 

t a, = J fey * 2ij ) a. for c. and f Ufc).^ - 

This means 2^(t £j - c^ - z^) a^ = 0, . 

Consider the matrix B : (b..) : (t - c . . - z.' ), Then 8.1 = , where 
a is the vector (a^, a^). Let C(B) be the matrix of coTactors 

of B , then C(B).B = B.C(B) = det(B). (Jl p. All these are germs, so 
letil(t,x) s det(B) s detCt ^ - - z..(t,x)), 
Then 4(t.x),S'= det(B).a - C(B).B.a = CL 

For x s we get z^CtjO) s , so4(t,0) = det(t J^. - c^) is a 
polynomial of degree k in t which is normed (the leading coefficient is 1). 
Thus there is q<k such that (t,0) = p(t).t q with p(0) = 1. 

Now we -may use the' division theorem 5.1: For any f *€ , we have 

* p+1 

f(t,x) *4(t,x),q(t,x) + r^xj.t 
So ^p^^^'^H-l ^ Jinittly generated over F p > in fact by 1, t, t^, , 
Butil.i s -fit, as we saw above, thus : , so M is a module over the 
quotient algebra ^p+j/^-^p+i anc * finitely generatedly so (since M is 
finitely generated over f^^), and this quotient algebra is finitely 
generated over'£ p , so M himself is finitely generated over£" p • 

Step 2; Let f s QR n ,0) — *(R P ,Q) be a germ of rank n , i.e. a germ of an 
embedding, The implicit function theorem gives us coordinates 

^ y l* y 2* y p' of ^ P near 8ucn tnat r ^ x i» x n ^ s (x^ •••>>< ,U,... * 

in these coordinates. So f is the germ of the usual embedding IR n ~*fr * 
Then f* : f^-*^ is sur jective and generators of M over € n are e'Ho 
generators of H over f p . 
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Step 3: Now let f: (R n ,0) ~*OR P ,0) be arbitrary. Then we may write f 
in the form 0r\o) J*iilL-> (R n x«P,o) _EE2-> «R P ,0) . 
The first germ is an embedding as treated in step 2. The second germ 
is composition of n projections as treated in step 1. So it remains 
to show that the conclusion of the theorem survives composition. 

Let 0R n ,O) L- *orP,o). — S— >0R q ,O) ( be germs of smooth functions 
such that 5.2 holds for f and for g. We have to show that 5.2 holds for 
g f • 

Let M be a finitely generated ^-module with dim^ M/((g° f)*^,M) <od . 

9% C /f p ' 30 (g * f>) *\ = f *(9*^q) f % > thus (9 c f)*-tf q -M c .M , 
and thus dirn^ M/f*'{ p ,M ^dim^ M/(g o f)*.,^,M < ocT. Since we may apply 
5.2 to f this implies that M is finitely generated over £ p via f*. 

By definition of the £ -action on M we have a*M .M = f*g*l .M, so 
q * q q ' 

dirrjp M/g^K^.M < oo and by applying 5.2 to g we get that iH is finitely 
generated as £ -module. 



5.3 Suppose that <p : (fl n ,0) — > 0R P ',O) is a smooth germ, 
A is a finitely generated ^-module, C is a finitely generated £ n *module 
and B is an arbitrary i* n -module^ Consider the following scheme where, 
6 is an fp-module homomorphism ano* i« an . £p-module homomorphism 
over 4>* (i.e. Cx(f.a) = $*(f).*(a) for a* A and f« 

B ■ 
A -* — < — ~ — ^> C finitely generated 



E — >£ 
c p K n 



s 
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Proposition : C = 6t A + ^ B + ( $ Jlf ) .0 — C =* o£ A + ^ B. 
Proof : Let C f » C/^ B and denote by ^ : — >C the 
natural projection. C is finitely generated over ^ • 

Now C r = ^o(A + ( tffjtl^C 1 and so C ■/( i^My ) .C 1 is 

finitely generated over .. Let c^, tC^tC* generate , 

C» mod ( ^> .Jtiy)C 9 over * "£p . Then if c^C 1 , o has 

a representation in the form £ tf(f L ).oC mod ( <J>\JU)C 

(with f t e^p). Writing f * f 1 + f(0) we get 

c = Z f t (0)c t mod ( .^.C 1 

and. so dim^C'A <j>* )C • ) < . 

Then by 5.2 (with C«=:M), C* is finitely generated over £p 
(via fyt' ). We can then apply Nayakama's Lemma to the. 
equation C f = ^ o( A + (• 4>*. Jty) .C' 

to get C f C ^ o( A i.e. C c ^ A + ^B. 

§6. U^QLBIHGS :" 

£•1, Take f € ii H • The category of unfoldinga of f has 

as o bjects pairs (r t f 1 ) where .irCM*. and 

f: (B*+ r ,0) — *(fi ,0) is a germ so that f»| m » f 

r . B *l°3- 

i;e. the diagram — ^. ^ 

]**° p< « 

B D xe r r> fi 

commutes; _ 

as morphiams from (s,f") to (r,f) triples (<}>,4>,&) 

where <}> : (b"",0) ?• (fi^.O), $ : (fi* ,0)— Mfi! ,0) 

and t : (» s ,0) ^( fi,0) are germs so that 
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ioLvo 



V 



ictxo 



4> • 



Note that the last equation can be written in the form 
f"(x,y) . L £fy) {r(<|>(x f y))j 

where L t ^ denotes translation by £(y). 

"k* 10 identity on (r,f f ) is the triple (id^r .id^r ,0) ; 
" Wle composition of two morphisms is defined by the ^formula 

( 4> »<t> )•( y , ^ ,t ) « 

a morpiiism ( f , t ) is an isomorphism if and only if 
r=*s and <^ and (^) are local diff eomdrphisms. 

Examples : 1) The sum Qf two unfoldings (r f £ f )- and 
(«,£••) is defined to be the unfolding (r+s,f •+£ • f -f ), * 
where (f \ + f 1 1 - f ) : (x,u,v)*— * f f (x,u) + f 1 • (x,v) - f (x) . 

2) The c ons t ant unfold in g- ( r , f ) where f : (x t u)t — »f(x). 
Then. (r,f) + (s,f f ) - (r+e 9 t'). 

3) If f£^d and b 1 , - ,b r € 0{£ , then " (r ,4) is an 

unfolding of f where 

f f ; (x,u)h— ■ >f(x) + b- 4 (x)u 4 + --- + t> r (x)u r . 

6.3. If ,<J> ft) • (Bff 1 *) - — * (r r f r ) is a morpnism 

then we can recover (s,f 1 1 ) from; (r,f f ) and f $ I ) 
(since f ,f (x t u) » f'»$(x,u) 4 £ ( u) ) . We say that (s,f ,f ) 
is induced (*#* r ) by (p,+ ,1 )• Shi* suggests the 

following definition; 

Bef . An unfolding (r f f ') of f is versal if every unfolding 
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of f is i uc'ed by (r,f f ) (that is, for every unfolding 
(s,f"), there is a norphisrn ( <j> , <j> , t ) i^om (s,f ,T ) into 
Cr,fO). 

A universal unfolding of f is a versal folding (r,fM for which 
r is minimal. 

6*4. The iL- jet extensio n of a germ : If f e A* » define j 1 f 
to.be the germ from ( R n ,0) into ^(Ot^ ) < of the 

mapping 

x» *(k-;jet °£ (y • f(x+y)-f (x) ) -at z.ero) 

* J k ( tyv— > f(x+y) - f(x)] 

jj^f is called tne natural Jc-,]et extension of f , j^f is 
determined by the germ f , -not by its particular representation. 
Note that jjf(0) = j k (ty v-* f (0+y)~f (0)] ) - j^f. 

Def . Let X t Y be manifolds, h , : X — Y a smooth function, 
V an immersive submanifold of X, h is transversal to V 
at. xCX (written h 7F\ V at x) if either h(x)$V or 
(Th) x (T*(X)) + T^V) = T K(k) (Y). 

h is transversal to V (written h ?R V) if it is transversal 
to V a*t each x£X. 

6*5. Lemma : 1) j^f is transversal to Ji^ • & (f ) ) in 
jk(&Cf)) at zero and Im (Dj^f(O)) is generated by 

2.) if f is k~determined, then j^f is the germ of an 
embedding from (R n ,0) into - ( J te (^ ) ," J k f ) . 

Proof: 1) Tm (1) (j^f)(0)) is generated by the columns of the 
c&oobi matrix of j*f at ; i.e. by { l ^±J (p) - t -1 -..yi] • 

Tranaveraality: we must show that 

Im (D(4jr)(0))- + ^MU-Mf)) = 3 k (A(f)).' 
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Suppose -that g£ A(f) so that g= f a t ^(a v £ 
We wi-ite a t = a{_ + a^(0) with a^g.^^. Thus 

£ tm T>(#f)(0) + jH^.^d))-. 
2) By 4.2, codira f < °o and so dirog (/Kf)/4 h . A(f )) = n (4.7). 

Also ^ c M.y,.&(f) (3.5)., Hence 
dlm |R , D fe (/\(f))/^(Xv X .^(f))3 

» dim * n 

U I- 

and so, by 1), Im D(^f)(0) has dimension n, i.e. j*f 
is an immersion at and so in a neighbourhood of 0. 

6.b. k-jet extensions of unfolding ; Let (r,f') be an 
unfolding of . We define to be the germ 

from (e n+r ,0) > (j£,j fe f) defined by the function 

(x',y')>— > (k-jet of (xi — > f 1 (x'*x,y ' )-f 1 (x f ,y' ) ) at 0) " 

« t x\ yf'(x'+x,y') - f(x\y')] ') • 

Note that the definition of 6.4 corresponds to this definition 
applied to the trivial unfolding (0,f). As before 
£f'(0,0) * J k ([x\ >f'(x,0) - f'(0,0)] ) = j*-f. 

Def. An unfolding (r,f) of f is k- trans versa! (k^O) 

if ^f< is transversal to (^f).L^ in jHA^) at 0€r*V * 

Choose a basis [x 1 , - ,x n } of R n and ^y i , - - ,y r } 

of K r . Then is a germ from (e T>fr ,0) into (B ,0). 

We write fcj f for the element lft^x£oJ " ^Sy/ / ^ 

of ^VC n ( j«1 v ,r) . Then we denote by the K -subspace 

<^ f», — , of ? 

6*7. Lemma : An unfolding (r,f) of f€<#* is k-transversai 
if and only if v*Cy, * A(f) + V f , + ^C^ +1 • 



-28. 



Proof. By .1.12. ^(( jtf).L^) » J^C** . A (f ) ) C (*«„). 
and we have t 

Hence KjJ*) £oo , (T^G*"* - In 3j|f*(0) (6.5). 
^tf-^VV^**^ is generated by ^ £ f '(0,0)}^ 



and we have 



V^'(0.0)» 3 ^|(0,0) 

7j = 3 k( j> .u.o) - »^j:o.o)] ) 

Thus t( £ f ) (?(9 /T (v ,( fO] X fi r ) -* J*( V ) . 

Then (r,f) is k-transversal <S—^ 

<«— » Im T(jJf)(o,.) + T/pCCd^).^ ) - l*(M.n) 
<S— > + Im.Dj'jfCO) + j*(J(».L(t)) - j^Uy,) 

^ » &(f ) + V F i + 

6.8. Corollary : Let b^ , — ,b r be representatives of 

a basis of Jl^/i&it) + -ft^). Then if 

V : (x,y)i *f(x)+ 2Lb,(x)y, 

the unfolding (r.f) is k- transversal. 

Proof : ^jf f (x) =* ^Cx.O) - ^vo.O) - bj(x) and so 
tV»'*>M generates V f i • Hence J &(f) + + Vpi » J{ n , 

i.e.. (r,f') is k-transversal (6.7)* 

^•9- iSSSS 2 A v «rsal unfolding (r f f f ) of f is k-tranar 
varsal for each k>0. In addition '2 > codim f« 



-29- 



Proof : Choose a k-transversal unfolding (s,f ,! ) of f 
(this exists by 6.8). Then 

f»'(x,z) » f»(T h .£ (x,z), ij>(z)) + £(z) 

where % h : E h+r — ^ E i s the canonical projection. 
Differentiating, we get 

Hence Vp« c &(f) + Vp< and so 
and so (r,f) ia -ttransveraal. 

In addition, r> din^ V fl ^ din^^A A.(f ) + for k^O. 

Hence the chain 

M n - A(f)+U( ri 2 A(f) + Ji* 2 --- 
must become stationary, say at the £-th term. Then 

A(f) + -«C5 - A(f) + 
Then we have ^ <£ &(f) by Nayakama's Lemma and so 

r * dim^ V^din^ ^ n /( A(f) + JC* ) ' « dim^ JC^/Z^f) 
» codim f . 

6.10. Lemma: Let f £ JC* be kr-determined. Then if (r.f') 
and (r f f. ,f ) are k-transversal unfoldings of f, (r^ 1 ) 
and (r,f ,f ) are isomorphic. ^ 

Proof : Since f is k-determined, Ji„ c, * A( f ) 9 A (f ) 
(5-5). On the other hand, by 6*7, 

Jt n = A (f ) + Vp, + Jl^ =x &(f ) + v f , = A(f) '+ Yp • 

By 5.9, r ^ codim f « dim (^/ &(f)) ^c. Let u v — - ,u c £ Ji n 

be representatives of a basis for M.v\/ &(f). Then 

h : ( E* x rScB^O) — > (R ,0) is an unfolding of f where 

h : (x,v,w) i — > f (x) + u 1 (x)v c + --- + u c (x)v c % 

(i.e. h is independent of w) . 

Now. if ^f 1 (reap. u c ) denotes the image of 2>j£ * 
(resp. ij^.) in Ji*/ &(f) we have 

TFf' 85 a r u\ Cfor some [a/ ] )• 
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The c xrWfrix ii*(a -^J; - ; *J J»s,renfc o (slpoV {Y'}^* 
Ji^/ L\(f)). Let B := ( ^ ^ be ^ ( r-c) y r-matrix 
so that £A,3l is regular and -define 

^> : e r ->£ C x E r ~ C by y i * C^Ay^By) 

<J> : «^_^ fi *c*fr-cJ oy (>»i^x5 

and h 1 : (ff^C fi r ,0) >(fi ,0) by 

_ r c 

h 1 : (x,y)t-*h(x, <b y) » f(x) + 2. ( 2. a^.u/aOW. . 

Then (r,h') is an unfolding of f and 

b>(x) - ^ ■ (x.o) - %to,a) . { V x) c+ !ji^ 

and so h f » ]k ar> u # x. V C l • 

Then ((p,^' ) is 2111 isomorphism from (r,h f ) onto (r,h) 

and h 1 ^E. a £j^2 = j i,c * we nave constructed an 

unfolding (r,h') (isomorphic to (r,h )) so that £ fj* = ^ hj 
(for each j) (so that, in particular, (r,h f ) is k-trans- - 
versal) . 

By symmetry, the Lemma will be prdved if we can demonstrate 
that. (r,f T ) * (r ,h f ) i.e* if w e can prove the special case 
of the Lemma where ^>£j - ^ fj 1 ( j=1 , r) . We assume 
from now on that- these equations hold. 
Le£ine 

• P b (x,y) (« F{x,y,t)) :=* ( 1~t.)f ' (x,y) + tf»(x,y). 
Then = (1-t) Tfj . + t SJf , » = ^f\ r for eaoh .3 

and so (r,?^) is k-trans versal for each t. 

Claim 1: for each t £jjD f l] there is a neighbourhood U t of 
t c in © so that there is an isomorphism 

( 4> fc , E fc ) : (r,*^)-*^,**) 
for each t£ U t<> . 

The result, follows from this claim by the usual compactness 
argument . 
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CLaim 2, 

$ 
6 



There exist terras 

( 1;Wr xR , (0,t o ))~ XE^o) W i th <j>( ,t) = 

(o r x R ,(o,t )) — » ((R r ,o) with 6(o,t)=oA fOE 

r ! all 



(R X8,(0,t )) *(fi,0) with t(0,t) = ) & 

so that _ 

1) = where X is the projection : E ^ T x& — »C: r xR ; 

2) 4>(.,t ) = Id^+r (and so <j>(.,t ) = Idjg* by 1))"; 

3) F($(ac,y,t),t) + £(y,t) = P(x,y,t ) for t near t„. 
Note that we can replace 3) by r 

(for the expression in 4) is the derivative of the left hand 
side of 3)). 

Proof that Claim 2 implies Claim 1 : The function 
ti > det D<j>(.,tK0) 

is continuous and so, since det D <(>(., t )(0) = det Id = 1 , 
there is an open interval containing t so that 

det D <)>(., t)(0) > on U t . x Similarly det I) <^> ( . , t ) "( ) > O 
on TJ^. Then <^>(.,t) and (j>(.,t) are dif f eomorphisms 
on and this implies Claim 1. 



x : (ir^xr ,(o,t )) — ^da ,y> ,o) with i(x,o r t)=o7 ^ 

' for 



Claim 3: There exist germs 

* : (R'^X e,(0,t o )) * (R*,0) with 5T(0,t) = fi 

z : (e r x.K,(o,t )) -r-> (e ,o) with z(o,t)=o J 8 

so that . 

5) jL ^L(x,y,t)X L (x,y,t) + Z^(x,y,t)Y,(y,t) + 

+ *%fc{x,y>t) + Z.(y,,t) * fair (x,y,t) near (0,0,t ) 

Proof th a t Claim 3 implies Claim 2 ; Let ^ , <|> be the 
(smooth) solutions of the differential equations 
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^ t (xjt) - X( <^(x,y,t),<j> z (y,t),t) 

^ t (y,t; = Y(^(y,t),t). 

with initial conditions (x,y,t ) = x, <^(y,t D ) « y. 

By uniqueness, ^(0,0,1?) = 0, ^(0,t) = for all t. 

Put: S(y.t) J t<> Z( 4>^(y,.ir) d-? ; 

(J)(x,y,t) := ( ^ (x,y,t), <|x,(y,t)), 

4>(y,t) := ^(y,t) . 

Then a routine calculation shows that 4) (of Claim 2) is 
satisfied. 

Also %o$ » X ( <f> 5 , <^ ) == 38 $a*~^ > i.e. 1) holds. 
2) holds on account of the initial conditions and so we have 
proved Claim 2. 

Proof of Claim 3: We regard as " R\ ffx (R (with 

typical element (x,y,t*)). In this paragraph we denote by 

the germs at (0,t o )e B •• ^©"t A be a free - 
module with (r+1) generators (a typical a £A is written 
as "(Y v — ,Y r ,Z) with Y t ,Z6^) and B be a free £ mr 
module with n generators (a typical bCB has the farm, 
with x j€ £vH r+ -| )• w « construct a scheme 

A — > C * 

as in. the preparation theorem - 5.3). 
: A -f> C is defined by 

Then oi is a module homomorphism over T* since we have, 
for r 

of Cg^ . — ,gY r t gZ.) = Z «^ • g. Yj + g.Z 

- g.( -.Yj + a) . g 4 (j^ ,7^,2). 



« : B— * C is defined by g(X.,— ,x') :^ 2 ^ X 







Claim 4: G = <UA + + (X*A„)C } i.e. the hypothesis of 
5.3 is satisfied. 

We have yM.„ = A(f) + V F t for each t and ao 
£ n = &(f) + Vp t + Hi .1 



Choose £ec = and put g := g| n a , so that 

for x,e^ , Y jC p ■ , see, . J 

let £ :-i^.Xi + £ ^> .Y, + 2 .. 

where X (cf w ^), Yj (€ £ r+1 ), Z (€ -) • are chosen so 

that 

X (x,0,t o ) = 3[(x) (for alLx), 
Y (O,t o ) - % t 

2(0, t c ) = £ (0,0, t y.Y. + s. 

J J) - 

Then g V-jM'i^ g ^*^ 3 and ohe can. prove exactly as in 1.3 " 
toat this implies that g - g £ M.^. ^vvmi • Wow 
g m (3 (X v — ,X M ) + °< ( Y,, , - — , Y^ , Z.) £ erf A + ^ B and so 
g t o(A + ^ B + JC r+1 .C , i.e. Cg ci A + ^ B + -^.C. 

Thus we have demonstrated Claim 4 and so can deduce that 

C C ti A + § B (5.3). Hence Jl r .C £ o((^ r .A) + ^ .B) . 

Now 2)^- = f' - £• and so vanishes on R n . Hence, 

as above, we can deduce that ->% t € Xr.£ nw S <4(^ r a) ^«-."B)., 
i.e. there exist germs ■ -X,,, — ,X„ Ci(, f .^ mi . *i . — >\ .2 ^r.^r+i 
so that, = 4(1^, — ,J r ,Z) + ^(X v v-,I»,) 

and this ia exactly Claim 3. 

Thus the proof of Lemma 6.10 is complete. 
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6..11. The or Let f € be k-determined . Then an unfold- 

ing (r,f ') of f is versal if and only if it is k-trans versal. 
Proof : By 6*9, a versal unfolding is x-trans versal. 
JSTow suppose that (r,f) is k-transversal and that 's^'*) 
is an arbitrary unfolding- We must construct a morphism from 
(s,f") into (r,f f ). 

(Id^X^, Idg ? X 0^,0) 

is- a morphism from (s,£ lf ) into (r+s, f'+f'-f) and the 

latter is k-transversal since one can easily calculate that 



p f ^-1, — ,r) 



T+s) 



and so V f ..^ p = Vp + V f \ ^ 
Since (r,f f ) is k-transversal, we have Ui^ » A(f) + + M,^ * 

Thus A(f) + Vf%f L F + ^'^n* 1 - 6 * (r+s,f "+f '-f) is 
k-transversal. 

Similarly, (r+s,f f ) (the unfolding (x,y,z.) \ >f'(x,y)) 

is k-transversal- Hence, by 6.10, (r+s,f f ) and 
(r+s,f 1 *+f f -f ) are isomorphic, Ifence we can construct a 
morphism from (is,f ,f ) into (r,f T ) as the composition 

(s,f ,f ) — >(s+r,f ,f +f'-f)^3i* (r+s,f) *(r,f') 

(the last morphism is the obvious one - forget the irrelevant 
coordinates!)* 

6.12. Theorem : f € Ji% has a versal unfolding if and only 
if codimf<oo. Then 
. a) any two s-parameter versal unfoldings are isomorphic;* 

b) every versal unfolding is isomorphic to an unfolding 
of .the form (r+s,f ! ) where • (r,f f ) is universal; 

c) if , ,b r €M.v\ are representatives of a -basis 

for Ji n / &(f), then (r,f f ) is a universal 

r 

unfolding where f f : (x,y) t— * f (x) 4- b , (x)y . . . 

Proof : If codim f <oo then f is K-determined for some 
k (4.2) and so, by 6.8, there exists a k-transversal 
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unfoldlng (r,f) and it is versal by 6. 11. 
On the other hand, if " f has a versal unfolding, it has a 
universal, unfolding (r,f f ) and then codim f ^: r (6.9). 
Nov/ suppose that codim f < co . 

a) By 6.9 both unfoldings are k-transversal for each k 
and so isomorphic by 6.10. 

h) Let (s,f fl ) be a versal unfolding, (r,f) a universal 
unfolding. Then s^r. We can extend (r,f') in a trivial 
manner to an unfolding (s,f ! ) and this unfolding is k- 
trans versal. Then (s,f f ) and (s,f f ') are isomorphic by 
6.10. 

c) By 6.8, (r,f) is k-transversal for each k and so 
versal. By 6.9, r is minimal and so (r,f) is universal, 

6.13. Examples : 1) Take n=1 , f : xi > x N (JST^2). 

Then A(f) = <x^>= Ji^ and O^/Mf) = i**^)' 
This has as basis the functions £x,x\ — ,x j and so 
f f : (x,y)* >x + x * y 1 + ^Vti-z 

is the universal unfolding. 

2) Let f be the function 

X , * X* ± x* ± - + x* • 

Then. A(f) » <x* 1 ,x^,Xj, - - - ,x n ^ 

and so M. A /&(£) has as basis the functions ^ ,x*, ,x^j 
Hence f 1 : (x,y) v— f (x) + x^y 1 + — + x-,y^ 

is the universal unfolding. . ' ' 

3) *e generalise 2) as follows: take f £ ^C|^ with universal 
unfolding 

fCx^, ,x^) + g(x v — ',1^,^ , .« ,y^) • 

If oi x ^ 41 t >\) is a n.on-degenrated quadratic form in 
further variables, then the universal unfolding of 
f(x 4 ,--,x t ) + ^(Xj^,-- ,x n ) is 1 

f (x^ , — ,x t ) + qjx^, -~,x n ) + g(x 1f — »x^,y 1 , — ,y r ) • 

In particular, codim f = codim (f+qj 

(choose cbordinates so that q.. has the form , +x£ i -.. +x* 
and continue as in 2)). 
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It. is thus vfcural to transform f so that as many variables 
as possible are separated into a non-de generate quadratic form. 

6.14. If f£^*, we define the corank of f (written corank(f)) 
to be the corank of the matrix ( ^ f/^ x u ^ ^i^i 1 Q > 

i.e. it corresponds to the corank of the quadratic form 
determined by j^f, 

Reduction Lemma : Let f £ have corank n-r. 

right-equiv.alent to a germ of tho form 

q^ (x v — ,x r ) + g(x r+1 , — t x n J 

where q„ lis a non-degenerate quadratic form and 
Proof : By a linear transformation we can reduce 
form 

q£x^ , — - ,x r ) = £x* + x| + t x r ' 

y x Q. Then h€M^ and j h=q. Now 
&(q) = <x,,,---,x r >^ = Ji x and so M% c M+. A ( q) 

and q i8 2— determined by 3.5 and hence so is h by 3.2. 
Hence h is right equivalent to qj i.e. q=ho<}> for some 

Wow f 

is right equivalent to f„(<|> x Idg^ ♦ This means essentially 
that we can assumcthat f )^r x0 ^ q, which we now do. 
Since AC^) * Mr > Q. is its own universal unfebing (6.12c)) 
and so (n-r t f) is a versal unfolding of" q^ (since there 
is a morphiam from (0,q) into ln-r,f)). But (n-r,q) is 
also versal and so (n-r,qj and (n-r,f) are isomorphic, 
i.e. there is an isomorphism ( \j/ , vp , £ ) from (n~r,q) 
into (n?-r,f). In particular 

q.Cx^-.-^) « fovf/C^; ...,x n ) + £(x r , r — ,x^) 

jand so we can choose g * - £, • 

Nov j 1 e - for 3 1 q - and J 1 f - o . j 2 £ - o follows einoe 
3 £ + would imply that the oorank of q - £ would be 



Then f is 



j z g-0. 

j*f to the 
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smaller than that of q (since q and £ act on distinct 

variables) and this gives a contradiction (note that the 

corank is invariant under the action of L ). 

r ' 

LemTna : If f € Ji^ has corank r then codim f > ? g ^ r . *' 
In particular, if r£ 3 then codim f ^ 7. 

Proof : By 6.14, f is right equivalent to 

g(x 1f .,. f x r ) + q(x r+1 , .•.,x n ) 
with j 2 g » and q a non degenerate quadratic form. By 
6.13.3), codim f »■ codim g. Now g«^ r 3 and so 4(g) 5 ^6 r . 

Consider 3 3 4(g) - (4(g) + >C )/X r * - <3 3 (%), • jVjfc r )^i 

Over the field R there are no linear generators, at most 

r quadratic generators 3 3 (*Jjf£* ; )> i a 1,...,r, and at most 

r 2 cubic generators x^. • ^ e worst case is if 

they are all (R - linearly independent. Then dim -p A(g) ■ r + r 

So in general dim 3 3 A(g) ^r(r+l) and 

codim f m codim g « dim^ A/4(g) > dim j 5 ( A r )/d 3 4(g) - 
- dim d 3 (^t r )"- dim j 5 4(g) * ( r + 3 ) -1 - r(r+1) 
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§7. THfl, CLA S SIFICATION : 

.7.1. ffhedr\ i; Every germ f€^ M of codimension ^6 is 
right-equivalent to one of the following (non-equivalent) 
germs . n 

Here ^ £ L x? = +x* (3; + — +x* - xj^ ----- x* ( j«2(3) , > • -,n) 

is the normal form of a non degenerate quadratic form in 
(n-1) (resp. (n-2)) variables. 

Every germ is accompanied by its universal unfolding together 
with its common name. 



Codim 


1 

2. 
3 



4 



X 3 * 

1*3 



x^ ^ 4 + S. £ t x? 



Universal unfolding 

+ t^ 5 ^ + y-J x i (fold) 

(swallowtail) . 

*T+x| + ^^t.x t ,+y 1 x 1 x -2 +y J: x 1 +y 3 x :2 
(hyperbolic umbilic) 

x i -x< x^ + 2 ^ x t (x 1 J+y^ x 1 
(elliptic* umbilic) 

±x< + i ^x* +y, x^ x* +y 5 x* + y>f x, 



♦ (x^x^+x*) + 
+ ^ 6i,x* 



1*3 



t'2 



(butterfly) 

+y /) x ? (parabolic umbillc - mushroom) 

x ' + ^ £ t< x * + *t ^ + ^ x * + y 3 *? + h A + *e X 1 

*i x * +4 + J; £t +y 1 x* +y 2 x* +y, x* +y 4 x, + 

+ y<r x * > 

X* Xj -x^+ 2£ l x* + y<| 4 +y z x* + yj x^ + 
+y f x^ 



+y J x^+y t x 1 + 
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Codim f Universal unfolding 



6 + Z a £ t xt +x* + Zf^+y^+y^+yX+y**? 

6 + (*2jx 2 +x|) + +(x*Xj+x^)+ i^xt+y^, +y ? x 2 +y ? x| + 



US 



+y J x 1 Xj+y 4 x*x z 
r'roof : We classify according to corank. 

Corank 0: In 6.14 we allowed that every germ of corank 

is equivalent to a non degerate quadratic form. Hence we 

need only verify that the number of minus signs in the 

canonical form is an invariant w.r.t. the Inaction on J/ty^ . 

By 4.2, det f $ 2 and so f ^ j 2 f : The Inaction on J* 

factors over L* and if P = P^P^lJ (i.e. GL(n,R ) ), 

then the action of F z on i z f £ ) is cut off since 

the result has degree . 4. Hence only (rL(n,k? ) acts effectively 

on i z (M.n) and then the number of minus signs is clearly 

invariant. 

Corank 1 (Cuspoids) : By .separating a non degenerate quadratic form 
we can assume .that n=1 , Since codim f ^ 6 we have det f< 8 
(4.2). Thus f ~ 3*f = 2 a t x u say. Let k be the 
smallest index with a^O. ^Then &(f) = <x*"^ = M^' A 

and so S JA>\ . A(f). By 3.5, f is k~determined > i-.e. 

f ^ aux . If k is even, then the substitution x\ — Hat! 
show that f^±x, if k is odd then x i > la^l* sgn a^ .x 

shows that, f ~ x . Hence 

f ^ X s > f jf ,+x 6 ,x*,+x*. 

Corank 2.: Once more, after removing a non degenerate quadratic 
form, we can assume that n=2 , i.e. f (=f (x,y) ) £ M. z . By 6.15, 
codim f ^ 3 } i*e. codim f » 3,4,5,6. 
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J^f is a homogenenous polynomial of degree 3 (since j^f » 0) 
in two variables, thus corresponding to an inhoraogeneous 
polynomial 5 1 one variable which factors over C. So j'f can 
be decomposed (over C) into -the linear factors 

(a 1 x-+-b 1 y)(a 2 x + b 2 y)(a ? x + b ? y) , 
and this decomposition is unique up to constants. 
We consider four cases: 

1) the vectors {(a c ,b )j are pairwise linearly independent 
over c J 

2) two of the vectors are linear^de pendent , the third is 
independent of the first two; 

3) the vectors are pairwise linearly dependent;, 

4) i z t = 0. „ 

Case 1 : 

a) the £a$J and £b(J are air reel. Under the transformation 
x \ — > a^x + b^y , y» — ~> a 2 x + b^y 

we see that. j J f(x,y)~ xy(a x b y) with a,b?^0. 

(for if A denotes the matrix tuen 

ax+by = (*3,^>£ 1 (y); i#e - (a,b).A = (a 3 ,b-) and if a*0 

then (a 2 ,bj>) and (a 3 ,bj) are linearly dependent). 

Now xy(ax+by) ~ ( l/ab)xy(x+y) (by (x,y) * — >(ax,by)) 

^ xy(x+y) (by (x,y)t— >(ab)' (x,y)) 

X/ x(x*-y z ) (by (x,y) t >£*(x*y ,x-y) ) 

= x 3 -xy*, 

Now A(x 3 -xy*) = <3x*-y*,2xy) and so 

A(x*-xy 2 ) = <3x 3 -xyV,3x*y-y\2x^y,2xy^>g 

- <xV,xy*,x*y>^ . 

and so x 3 -xy* is 3-determ'ined (3.5). 
Then f ^ 3* f ~ x* -scy 2 . 



b) not all of the {a v J. f [b u ] are real. Since j 3 f is real, 
the factorisation must have the form 
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(a^x + b^yHa^x + b 2 y)(a^x + 'b 2 y) 

where and b-j are real. Hence 

/f X/ (ax+by)(x*+y*) 

~ cx(x z +y*) (by a rotation) 

~x(x*+y*) a x*+xy* ( 

^-2x 5 +6xy = (x+y) J +(x-y) 2 

r 3 3 
~ x 5 +y* 

Then A(x*+y 3 ) = <3x*,3y\>, and so 
Jlz.&tf+y*) - <x J ,x*y,xy\y^ = 
and so x 3 +y is 3-determined. Hence 

^ 3 f 3 3 

Case 2: Suppose that (a^b^) and (a 2 ,b £ ). are linearly 
independent and (a ?> bj) is a multiple of (a^b^). Then 
the factorisation can, be arranged in the form 
(a^ + b n y)(a^x + h^jf 

where the £a v ] and the £b' t j are real. 

Then j S f ^ x z y (by (x,y)» >(a^x+b^ y , a„ x +b i y)) and 

&(x*y) = <^2xy,x I ^g is not finitely determined (since no 
power of y alone can be generated). Since f is finitely 
determined, there exists a maximal k for which 3^f ^x*y. 
We can assume tn&t j^f = x*y. Then j^f = x^y+h(x,y) ; 
where h is a nomogeneous polynomial of degree k+1. . 
Applying a transformation (j> : (x,y)t— >(x+ (x r y) ,y+ (x,y) ) 

where ,v|/ are homogeneous polynomials of degree k-1^2, 

we have 

3 b4l (f o I ) = 3 k+1 f . J = (x+$ f (y+ v|/) + h(x,y) 

= (x +2x 4> )(y+^ ) > h(x,y) 
= x*y + 2xy p + x^^ + h(x,y) . 

• We can choose (J) and vp so that the terms of h which 
are divisible by xy or x^ vanish. Then we have 
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j* + l(foi| ) = x^y + ay k+1 (a#)) . 
Now _,(x ? y+ay^) » <2xy,x*+a(tofl0y. k >f 

and so OGj.A (x*y + ay^ 1 ) = <x*y ,xySx*+bxy k ,x *y+t>y kM >* 

By 3.5, x*y + ay^ +1 is ) -determined and hence^so is f. 

Thus f £,x*y + "ay fe+1 ^ x*y ±- (by (x,y)»-*( |a|***.x, la\^ . 

Now .4 ^ Je+1 = det f ^ (codim f) + 2 ^ 8. Hence we have the 

following possibilities: 

k = 3: f ^ x*y+y4- ~ ±(x*y + y 4 ) • 

k = 4: f <vx*y±y r - 

k = 5: f ~ x^y+y 4 £ + (x*y + y^) . 

Jfc 56: x,y f y*,y*,y*,y^,y 6 ... are linearly independent in 
v^AA(f) and so codim f £ 7. 

Just, as for the case where f has corank 0, one can show 
that the minus signs cannot be removed. 

Case 3: ff » (ax + byf r a,b real. Then if (a,b) and 
(a,b) are linearly independent, the transformation 
§ : (x,y)i > (a*+by,aWby) 

.gives j 3 (foJ) = j^f . J> = x 5 . 

x J has infinite codimension and so f is not " 3-determined. 
We can assume that j^f » x J and choose k maximal so that 
j te f.~x 3 . Then j^ 1 f = x*+h(x,y) where h is a homogeneous 
polynomial of degree k+1 . If Vp is the transformation 

(x,y)* >(x+ \j/ (x,y) ,y) where is homogeneous of 

degree then 

j^ 1 (fo J) » (x+^f + h(x p y) 

= x J + 3x- z >p + h(x,y). 

How choose v|/ so that the terms of h which are divisible 
by x 2 vanish. Then 

Mfo ^) = x 5 + cxy*- + dy^1 ((c,d) ^ (0,0)).. 
a). d^O: Applying ; (x,y)\->(x,y - ^ ^ ^ ■ x) , we get 
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= x 3 + cx(y fe + x.?.(x,y)) + d(y k ^ - U+1)y ,-JL- x + 
+ x*.P^ (x,y)) ^ 

where P^ ,P^ are homogeneous polynomials of degree k-1 £ 2 
= x 3 + cxy fe - cxyk + 3x 2 P(x f y) + dy^ 1 
= x J + 3x*P(x,y) + dy'Wj where* P is homogeneous 
of degree £k-1. . , % ■ 

Applying 7| : (x,y) i ^ (x-P(x, y) ,y) we get 

3 k ' 1 (f .\|/.^ nfj ) - (x-pf + 3x*P(x,y) + dy**'i • 

= x 3 + dy^ ^x 3 + 
Now A(x*+yk 1 ) = <(3x^,(k+1)y k >^ and so 
^.&(x*±y M ) » <x 3 ,xy te ,x^y,y^>^ => ^1 

and so x 3 +y^ 1 is (k+i ) -determined . Hence 

f ^ x 3 +y k +\ Since 4 $ k+1 = det f ^(codim f ) +2 < ' 8, 

we have the following possibilities: . v 

k = 3: f £,x*±y*IL ±(*V*). 

k ^ x,y,y z , ♦ y^xy ,xy* , ,xy^^ are linearly indep- 
endent in ^ n /Z^(f.) and so codim f = 1+2(k-l) = 2k-1 2 7 



b) d=0: Then j fel (f* |> ) = x* + cxy fe (c '3* 0) 

^x^'+xy 1 *.. 
Then A(x*jocyk) == ^x^+y* ,kxyt-l >^ ' • 



k s» 3: x s +xy*£ x J +xy 3 is 4-dtetermined by the following 
Lemma (7.2). Hence J^f £ x 3 +xy S is 4-determined and so 



f ^ x 3 +xy 3 . 



k£ 4: we consider. j^ z f = x 3 +xyk+p(x,y) , where P is homogeneous 
of degree -2. Then 

jfeH Air)-- <J* H &.J k4 ^>jfe*i 

- ^^>^ * 

If ^0 then -x,y»y z ,y* ,y*,xy, xy*»xy 5 are linearly 

independent, in J** 1 JC* /j M &(f); 

if =0 then P = l?(x) = ax te+a and 

x,y,y*,y* ♦ x^x^x^xy^ySxy* , 

are linearly Independent, 

So codim £ » dim J/i z / t\ (f) ^ dim j ( D ^ 8- 

* 

Case 4: j^£«0 and so f € » i.e* A(f)<S 4{| . 
A (f ) is generated by 2 . elements over % , by 4 

(the homogeneous monomials of degree 3) which are independent 
over ^ . Therefore dim Mf 2 / A (f ) ^ 2* H«noe ■ ' 

codim f « dim M z / & (f) » dim M, z / M% + dim / A -(f) • 
£ (|) - 1. + 2 « 7. 

Oorank > 3s By lemma 6,15 we conclude that codim f £ 7. 
Thus *the theorem is proved* 

Remark : One could continue the classification (see Siersma fL5] t 
or the papers of V*I. Arnold)* In the next step one finds 
the germ 4y ~xz -a^x y -a^ with 27a 2 - j< » which Is 
3*determined and has codimension 7* -Furthermore ^-^/^^ * n 
an invariant under smooth coordinate change , so the 
classification becomes infinite from codimension 7 onwards* 
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7.2. Lemma: The germ V+xy 1 in M% i 3 4-determined . 
Proof: Let f^J( a with ff = x z +xy*. Then we can write 

f(x,y) = x s + xy 3 + B(x,y) with R £ M% . 
Pat ?( X( y,t) = (l-t)f(x.y) + t(xf +X y 3 ) = x 3 + xy 3 + ( 1-t)R(x,y) . 
Mote that in the proof of 3.5 we employed the inclusion 

to obtain the family in a neighbourhood of t . In 

fact, we only used the weaker inclusion j 

and we shall now verify this for n=2, k=4). By NaJfcayama's 
Lemma, it is sufficient to show that 

jit c <%>%> u +jci • 

Now > <\^>i\ = <3^y 2 + (l-t)g(,x,y),3xyV(l-t)h( X) y)>. 

where g » , h - and so 

3x 2 y*+( 1 -t)xh( X ,y) ,3xy*+( 1.-t)yh(x,y)^ . k 

Hence we obtain the f ollowing •fclfci&eojtjS (mod Jl^ an % het . we ignore' 
terms of degree. ^ c)i 

?x*+x Z y 3 and 3x*y J -hence x 4 ,x^y 5 ; 
3xy^ - hence xy** 

3x* y+xy 4 - together with xy^ this gives x s y. 

Hence we have obtained a. generating system of with 
the exception of y^\ Now all terms of order 5 in 
(l-t)xh(x,y) are divisible by x and so can be removed 
with the generators that we already , have . Hence we obtain 
x*y* anqt this, together with 3x 2 y^+yf gives y r . 
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7-3. Corollary: Every germ f € Jl^ of oodlmension r is 
right equ alent to and its universal unfolding is 

given by 

x r+ ^ + y,,x + Yz^ z + " * * + ^y xT m 
Proof: Adapt the proof of 7.1 - corank 1. 

7.4. Corollary : Every germ feJi z of codimension ^ 7 is 

right equivalent to one of the list of 7.1 (for n«2) or 

one of the following germs: 

codim f universal unfolding 

7 »!?+x! xj+x^+y, x^y 2 4+ ' — +y„x* 

7 x^ +x\ x* x^+xl + yi +y* x^ +y, +y„ x* +y s x* +y s x* +y, x| 

7 x* x z -x* x* x, -x* + 71 x, +y 2 x^ +y r x* +y* x| +y f xj +y c x£ +y ? x* 

7 + < x* +x* ) t( *? +x f )+y 1 x i x * + y* 4 + y* x * x i x ^ + y < x i ** 

+y 7 3c i x*. 

proof : Consult the proof of 7.1 with the further restriction 
n?=2. The first germ comes from corank 1, the next two from 
corank 2 (case 2) and the last from case 3a), 
We have shown that the next germ in corank 2, case 3b) has 

codimension £8. Thus it only remains to show that in 
case .4 of corank 2, any germ has codimension 2 8. This can be 
done by decomposing 

j*t = (a i x+b^y)(a 2 x+b a y)(a 1 x-»-b^y)(a^x+b^y) 

over C and proceeding as in the proof of 7.1, corank 2. 

It turns out that the germ with the lowest codimension is 
right equivalent to (x*+y*)(x 2 + oiy*) ( «( #),~1,1) 

and that p( is an invariant under linear transformations. 
This germ has codimension 8 and so for codimension >7, the 
classification becomes infinite. The proof of this. fact is a 
tedious. repetition of by now familiar techniques and is left 
to the reader. 
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7.5*. vVe now examine the question of the number of L^-orbits . 
We shall be mainly interested in the orbits of germs f 
which have codimension $ 6 (and so are 8-determined by 4.2). 
f is then equivalent to its S-jet and 

i 

We shall therefore be mainly interested in the number of 
L*-orbits in J' = 3 J (jf( n ) c jjf . 

a) The open subset j s ) \ j f( ). is an orbit. For if 
f € ^^\^ then f is 1 -determined (3.6) and so f Xj j^f . 
3*f is a linear form on E n and so is right equivalent 

to say. 

b) There are n+1 distinct orbits consisting of equivalence 
classes of non degenerate quadratic forms* They are immersive 
submanifolds of codimension in ^(^iy\) (4.6) and so 
have codimension n in J . 

c) The orbits of coranJc 1 and codimension ^ 6 - according 
to 7.1 txiere are nine types: x^ ,+x*,x^ ,+x^ ,x^+x* . The remain- 
ing (n-1) variable are contained- in non degenerate quadratic 
forms. There are n possibilities and this gives a total 

of jn orbits whose codimensions can be read from the list 
in 7. 1 (add n ) . ' 

d) The orbits of coranJc 2 and . codimension $6. According 

to 7.1 there are eleven types: x^+x* ,x* -^x^ , + ( x* x z -i-x^ ) ,x*x 2 +x][ , 
+_(x^xp , + (x^x 2 +x^) ^x^-fx-jX^ . As in b) one obtains 1 1 C n- 1 ) 
orbits whose co dimensions can be read from 7.1. 

e) i'he remaining orbits w.r.t I? h in J are contained in 

as ) since their elements have codimension £ 7 . 



7.6 We shall now decompose 2! > , the set of all 8-jefca' of 
germs of codimension > 7 into finitely many disjoint 
immersive submanifolds. As we have already seen this cannot 
be done using orbits (since there are infinitely many of 
them), so we shall attempt to produce as simple a decomposition 
as possible. Our aim is that each of these manifolds has 
codimension (in J) higher than the maximal codimension 
appearing in 7.5. 
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This is possible only in the case that n » 2. In case n > 3 
there will = one type of manifolds with codimension n+6, and 
we will be forced to add the orbits of the germs of codimension 
6 to this decomposition here to obtain a decomposition of 
satisfying all requirements. This distinction in codimension 
will be essential in f3- 

a) First of all we consider the subset of consisting 
of the 8-jets of germs with corank 1. By 6.14, every f 
with corank 1 is ri^ht equivalent to 

If j*g ^ cj, then f is right equivalent to a germ in the 
list 7-1 -'hence j*f ^ 2*. Thus j s g = 0. The aet of z £2? 
with corank 1 can then be decomposed into the n distinct 
orbits of non degerate quadratic forms in n-1 variables. 
The tangent space of such an 'orbit has the form 

"by 2.12 and A(f) = ^x 2 ,Xj,-- »x h >* = t n * Hence 

The codimension of the orbit in J is 
• dim [j*^ )/^(<-^(f)] - dlm[(^/^)/(^.^(f)^^)"] 
= dia[^/(X( n .k(f) +^ )] 
= dim^/( <x^, ^tf* )] 
and {x^, - jX^x^x* , ,x*j is a basis for the last space 
over e » Hence the codimension is precisely n+7. 
U) We now consider the subset of 2^ consisting of 3- jets 
of germs with corank 2. Then for suoh an f 

f(x , -,x n ) <N/ g( x , .x*) + 2. e^x* 

with 3 g. = 0,- We consider the four cases investigated in the 
proof of 7*1 • 

Case 1: a) and b) produce germs in list 7.1 and so j*f£ z\ , 
Case 2: Since f€2 T , J te «Cx*x« (k*3,4,5,6) -otherwise 
we would produce a germ in the list. In particular, j* g ^ x*x. 
Consider Jhe n-1 orbits in j'U*) generated by 
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A(d*f) 55 ^x^^x^.Xj, - v,x n ) and so 

The elements t x i > > x v\ > X 1 > X 1 x * > x * > x I " > X |J define a 

basis for . &( j *f ) + ^ ) and so, just as in a) , 

each of these orbits has codimensl^on n+7 in 3 6 ( v/^vi ) - 

Now consider the canonical projection : j^(Ji^) > ^{M.^ )• 

For the pre images under of these n-1 orbits in j- (^n) 

we have ^ 

((x*x^ + I - ((x*x^ + 2 £^.L C Jx</J& 

and these pre images have the same codimension in 3*(M.*\) 9 
namely i\ + f . These are the n-1 immersive submanifolds • - 
in which we decompose the germs of case 2. 

Case 3: 3 5 g£/x*. Since f £ X? we have j^g-^xf (otherwise 
we produce a germ in the list), tffow consider the n.— 1 orbits - 
generated by the germs x? + 2 £ L x* in j*(J£*)- 

= < (3x 1 ,xj, ---^x^i and so 

A(j A f) = <x*,x*x^ ^.'i h ^>* 

and the elements {x^, ,x^ ,x^j ,x* ,x|,x^ ,x 1 x^ f xi, x| ,x 1 x| J 

define a basis for /(^n • ) + -^f) • Hence these 4 

orbits have codimension. n+7 . Then we decompose the germs of 
case 3 into the immersive submanifolds formed by the preimages- 
(TcJ f 1 ( (x 3 U 1 g t x* ) .ij) = (xj + i ^ ) .L* X 

of these orbits. They have codimension n+7* 

Case 4: j*g = 0. Hence j 3 f ^ J ^ x t • Consider the- n-1 orbits 
generated by the germs . ll ^x* it) J 3 ^*). Then 
A(j 5 f) = <x i ,-- ; .,x h >^ = ^ and so 

^v,.Mj*f) = ^.^W The elements 

<X< rv*n' x 4 > x * x 2 »4 > x 1 > x * x * » x 1 x * ' x * > 
define a basis for Jl*/(M.*. t\ +y<(£). Hence each of 

these orbits has codimension' n+7 in 3 ? Wt*)' 0nce a ^ ain » 
we decompose the germs of case 4 into the preimages, under 
the projection %\ , of these n-1 orbits - they are immersive 
submanifolds of codimension n+7. 



c) We now" consider the subset A S Z.^ consisting of the 
elements 4 corank^ 3; This set is empty for n 4.2* 
We claim that A is a finite disjoint union of immersive 
submanifolds of codimension n+6, if n) 3. 

To, see this let fsAX .with j 8 f * A, i.e. with corank > 3. 
©ien 3 2 f c and f f is a degenerate quadratic form of rank 
n - j (which may be zero). In the -orbit of ff w© may 
find a qadratic form which looks like 

q(x«| , . . . »* n ) » -x^ *«»tx lrv « 
Its matrix is of the form 



ck! 



where the' number of minus signs in. the main diagonal is a 
-invariant of the orbit. 
JKp* let q 1 be near q in • Then the matrix of q* looks like 



where A and are symmetric and det A j* 



«W A t E „ ) 
\ -B A B+C/ . 



So rank q f * n~j> ■ rank q iff C « bVb. So to stay in the 
same rank class one has to suppress the free choice for 
the entries in symmetric C, i.e. one has to suppress |?f(f*l) 
variables. So the codimension of the orbit j x f . is 

©iere are finitely many orbits in J„\ 
If -v* : i S (Jl+) — — 5> 3 2 ( v^k) denotes the canonical projection 
"truncate n , then A is the disjoint union of the inverse 
images under of all the l£ -orbits of quadratic forms of 
corank. > 3 in jfAj.These have codimension 

n + ^f(f +1) > n + <3f 3.4 ■ n+6 in jYjbQso the inverse images 
have the same codimension in J. 

'7.5 For -later reference we collect again the decompositions 
of J m J 8 ( Jl h ) into immersive submanifolds, which we will use* 

If n m i f then for any k the space i k (JH 4 ) consists of 
finitely many orbits , of codimension < n+k~1 « k, 

and Zj^ * |o| has codimension n + k * . 
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If n = 2 then the open subset J\£*is the disjoint union of. 
the finitely many orbits of codimension £ n+6 listed in 7.3. 
2.J decomposes into finitely many submanifolds of codimension 
> n+7, listed in 7.4 a),b), since the set A of 7.4 c) is 
empty o 

If 3i > 3 then the open set J v is the disjoint union of 
the finitely many orbits of 8-3 ets of germs of codimension 

< 5, which are immersive submanifolds of codimension ^ n+5. 
2.f decomposes into the orbits of 8- jets of germs of 
codimension = 6 and into the finitely many immersive sub- 
manifolds of codimension^ n+6, listed in -7.4. 

Remark : Mather has shown that an orbit like ours is indeed 
a proper submanifold, since the group actions here are 
algebraic actions of algebraic groups with special properties. 
We will not need this result, we will circumvent the arising 
difficulties in §9 with a simple trick (9.4). A proof of 
the result may be found in Mather, .Stability of Cf"-mappings V, 
Advances in Mathematics 4. 
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§8. CAIASTF " PES GERMS : 

«» ^ 

8.1* Let ,r,f ! ) be a universal unfolding of f £ and 
let £' : B*^ — $>M . represent f*. Put 

. Mp', :- [(x.y) £ e* +r : ^'(x.y) = — = ^ (x,y) = o} . 
Denote by K r : JR the natural projection and put 

Then OCMp since f € 4£* » 

is defined to be the germ j^Xp^o of X?"' at ° 
and is called the catastrophe germ of ■f, we can regard 

a$ mapping Mpi 'into B r where Mpi is the 
germ of a set, ^f 1 depends only on f 1 , not on f ? . 

8.2. Lemma : ,If f is an element of with codim f « c» 

then there exists a (standard) universal unfolding (c,f) 

of f so that there .is a dif f eomorphism from Mpi onto 

Proof * Since' f^J^ $ ' A (f) s Jj* , Choose a basis 

^u^, ,.u c ^ of-Jln mod &(f) so that 

u( x ) s fx, (Kj^) 
J v 7 la monomial 'of degree £ 2 otherwise. 

• . c 
Then £• : (x,y) ^ f(x) + X u;-(x)y: 

is a universal unfolding (6.12) ahd 

Consider the smooth mapping « ( ^ j, )?,., : (R* * e C "* — > R n 

where ^ c : , - ^j^,- ,y c )*-» -^(x) - 21 y« ^ (x) . 

Then M f i=[(x,y) : « ^ (x,y w ,y c ) , i=1,-- ? n]' 

and so is the graph of . The graph of a smooth mapping 
is a manifold which is dif f eomorphic to the domain of 
definitipn, in this case R% E^** 1 » ,B C . 

8.3- Consider, the situation of 6.13.3), i.e. f is a g*erm 

in Jim with universal unfolding f(x) + g(x,y) 

defined on flK k K and q.. is a non degenerate quadratic 
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form in separate variables (x^,--- ,x n ) . Then the universal 
unfolding of f+q is f+q+g. 

Proof : 7/ithout loss of generality, we can assume that q 
has the form ± x £n ± ~ ' * i x £* ( 

If we write x = (x ,x)£ f^x^'^ then a simple calculation 
shows that 

K|±S±£) ( X ,y) = ^S?(x,y) '(1* k); 
^iSil) (x,y) = 2x (i >k). 



Hence M f +t ^ f = lvi f.*ft 31111 we nave tlle following commutative 

diagram: ^ S ^ 



II? 1 

% H ■■ ^ c <R r 

a. 4. Lemma : Let (r,f) and ($,f ,f ) be unfo Idlings of f £ 
and let ( , <J> , £ ) be a morphism from (s,f 11 ) into (r,^ T ). 
Then Mp » (Mp ) ^ and ^ H is the pullback of ^» 

with respect to ( c|d , <)> ) ^ i.e. we have the following commut- 
ative diagram: l 

B^ s — 2 > .tfw 

Ul ^ 
Mp - ^ Mpi 

X > (R 



Proof : f • '(x,*) = f •( 4> 1 (x,z), <}>(*)) + & ( z.) ^ 
where <J)(x,s.) = ( (x,z.) , (J> (z) ) . Hence 

*£.(x,z.) - fc (^%. (x i «0)(^ ( (^(x f «)) 
Jacobi matrix of ef> 
Now the latter matrix is regular for z. near (since 
D <^(x,0) = Id ) and so 
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(x,z^£ Mpn <e=^ ^J x ' z) ^° ( i=s1 »-"^ n ) 

< £« a ^ <^ (x,Z.) £ Mpl ; 

i.e. M p = <^(M f t). 

The equation 0(? o § ^ X^ V f °i lows b ^ restricting the 
equality T r «<|> = <J>.«T S "to the appropriate germ of sets. 

8.5. If g u i (B* >P W ) - X R^qJ are smooth germs (i*1,2), 
we say that' g^ is equivalent to g^ (written g 1 ^ g^ ) 

if there exist germs of dif-f eomorphtsms § : ( R * ,p< ) — *>( © n , p^ ) 
and \y . j (E*^) ^(R^f^) so that v|/„ g< « 

(there will be no confusion with the equivalence used in §2). 
This is the equivalence relation used in §0. Strictly 
speaking, we .cannot apply it to and since Mp 

and need .not be manifolds. We shall therefore call 

the two germs and ^« , defined on the germs Mp 

and M fM equivalent if one can extend them to germs on 
open" neighbourhoods in R t| and • © * , so that they are 
smooth and equivalent in the above sense, using a 4* 
which restricts to a bisection from Mpi onto Mp w . 

8.6. Corollary : a) If f £ M.* and ( (J> , <!p , t ), : (r,f ' H >(r , f ' M 
is an. isomorphism bet*ween anfoldings of f , then 9(p ~ C\p M 

(in the sense of 8.5); 

b) if (r,f) and (r.f' 1 ) are versal unfoldings of f, 
then. ^ <v ; 

c) * if (r,f f ), (s.f* 1 ) are versal unfoldings of f with 
r^ s, then ^ ^ * Id ^ 

d) if f ,g £ M.y\ and £ (i.e. f is right equivalent 
to g in the sense of 2.4-) and if (r,f ! )' and (r»g f ) 

are versal unfoldings of f and g resp. , then 9(ji» . 

Proof: a) See 8.4 ( $ and <^> provide the diff eomorphieme 
and TL r , % s the extensions). ; 
b) By 6.12 (r,f f ) and (r,f M ) are isomorphic - now use a). 
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c) Let (s,f) be the trivial extension of f f . Then (s,f) 
is also versal ( "because ■ there is a morphism from (r,f f ) into 
(s,f 1 ) - cf . 6. 11 or 6. 12. c)) . By b) , ( s ,f ' ) ~ ( o , f < ' ) 
and we have the following diagram: 



M 



M 



d) Suppose that f = g ^ ( ^ £ L n ) . 

and so (r,f ,f ) is an unfolding of f. 
diagram provides an equivalence between 



VI 



Put 



The following 

and : 



Now (r,f lf ) is versal and so by b) Xf^Xf ~ ^ ence !?(9 ,/N "'X^' v X (^, ' 
(Proof that (r,f") is versal : let (s,f T f \) be an- 
unfolding of f. ^hen (s,g ,,r ) is an unfolding of g 



where 



( (|>,(t> »i ) : U,g T ")— 5>(r,g:'' 



Hence there is a morphism 
Then 



is a morphism from (s*f ,TI ) into (r f f ')).' 

^•7. Theorem : If f £ J(* and 9(p l is the catastrophe germ 
of a universal unfolding cf f then, up to equivalence in the 
sense of 8.5 and the addition of independent variable as i» 
the proof of 8.6 c) ^'depends only on the right equivalent v 
class of f . In addition, 9(9* M independent of the $ .gn 
of f and of the addition of a non degenerate quadratic 
form in new variables. Hence we can write ^ (instead of. 



Proof : 3.6 id 3.3. For the statement about the sign of f 
note that k_pi = Mpj and so = ^.p» . 

8.8. Theorem : If codim f ^ 6, then there are precisely 14 
distinct catastrophe germs (which arise from the universal 
unfoldings listed in §7) up to equivalence and the addition of 
ne'.v variables. 

These are called the elementary catastrophes . 
§9. GLOBALI S ATION ; 

9.1. T he Whlfaey to oology : Denote by_ (f*(fl ,\B) (reap. 
(R m ,E )) the space of smooth functions from ft** into (R 

(resp. the space' of ic-times continuously dif £e rent iah Le 
functions). "If . f € C te , the function jkf : ft 4 " 1 ™* 

is defined by j fe f®« J fe tK--*)2 where ia the space of 

polynomials of degree ^ k in m variables. Ve provide 
the latter with a norm H II (e.g. the £°°-norra on the 
coefficients). Por every strictly positive continuous function, v 
£ : ■p 1 *->R. and every r^k we put 

v 6 := {f eC fe (fB^/RO : l|j k f(x))U£W for x£«i w }- 
If £ runs through, the family of all such functions and 
r through the fja.mil/ of integers less than k then we* 
obtain a zero neighbourhood basis of a *?roup topology on <? te (fi°*€0- 

* u 

the Whi tney C -t o po logy . Similarly, if we let r run 
through the positive integers we obtain a topology on #d (£* i ' i b)< 
the Wh i t ney C°°-t opolo gy . 0°° and ar« topological 

rings but not topological vector spaces since scalar mult- 
iplication is not continuous in the scalar variable (see the 
next Lemma) . 

9.2. Lemma : Let (£^) be a segjuence in G°°, f€.C°°.. Then 
f h converges to f in the Whitney topology if and only if 
there is a compact subset & of so that « f 
outside of K with the exception of at most finitely many 
n's and f^.— > f uniformly on K together with all It a 
derivatives. A similar statements holds for the H -topology # 
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Proof: Since the topology is, by definition, translation- 
invariant, we can assume that f=*0. 

Sufficiency: suppose that such a K. exists and let be 
a neighbourhood of zero. Then 6^= inf £(x) > 0. .We can 
choose N £ fyj so that XCl< 

for n>N. Then f^e for Hence f n — » . 

Necessity: suppose that f^-^0. Then f^ and its derivatives 
converge uniformly to zero (choose a constant function £ ). 
Hence it suffices to show the existence of a K with the 
required property with respect to the supports of the {f n j. 
If no such K exists, then we could find a sequence (x^) 
in flTw&Mx r nT«> and a subsequence (f^l so that \f n (x r )|>0.. 

Choose 6 : IB — > continuous with £,(x r ) < If^^r)* • 

Then the suusequence Lies outside 6f the neighbourhood 
of zero - contradiction. 

9.3. Proposition : 0^° ( R ,m , R ) is a Baire space in the 
Whitney C^-topology . 

Proof : We must show that a countable intersection of open, 
dense subsets is dense. Let, U^U^, — be a sequence 
of open, dense subsets and let V be an open neighbourhood 
of fee 00 ( B M , R ) . We have to show that V A K Uj V <J) . 
By translating, we can assume that f=0. Given k^O and 
continuous £ : K** — ^ (strictly positive! ) let 

:= ig€C*°( B 1 *,© ) : llj k g(x) i\ * £ CO] . 

There exist k , £ such that 7^ 9 V^cv. We claim 
that there exist sequences (fj ) in C°°( K**,*,B)f (kj ) 
(of positive integers) and ( £j ) so that for each i the 
following hold: C1 

(Ai) : fi€V?; O (fi+V^J-nU^S 

(3.i) : f A + V e / c u^; 

(Ci) : U X ft<x) - j^f^x)!! S 2' v (i>l). 
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We proceed by induction: since IT 1 is dense we may find 
f, £ V £ k ' A Since U 1 is open, there exist k 1 ,6 1 

with £ u i- Hence A1 and B1 hold. 

Having constructed the data for j=1,--- ,i-1 we check first 
that f M € v£ A ft(fj +V £ j' ) n (f^^-i ) and so this set 
is open and non empty. Hence there is an 

since U u is dense. Clearly f v satisfies Ai and Ci. 
Since U t is open we can find k t and £ with 

f u+ V^ c U u ; . So Bi holds. 

The sequence converges uniformly in all derivatives 

on and so g=4im f, exists (but it need not 

converge in the Whitney topology) and, of course, J*g « lira j f 

uniformly - hence g £ C *° ( <& , K ) . 

Each f,£ by (A) and so g£V° (by pointwise 

it* 

convergence!). Then- fj Gtf^+V^) for all 3^i and 
so ggf,+V^ <r U by (B). Hence 

9.4, Let X be a smooth manifold, YcX an immersive 
submanif old, i.e." Y is a manifold and the injection 
i : Y — *X is an immersion, (but not necessarily a 
homeomorphism into). Then Y has the following property: 
each point y£Y has an open neighbourhood Uy (in Y) 
which is a proper submanif old of X (take i(Vy) where 
is a compact neighbourhood of y in Y so that i)y 
is* a homeomorphism into. Then * i(V^) has the seated 
property) . 

If * conversely, Y <^ X is a subset and, for each y <£.Y, 
there is a subset U^c Y (y€Uy) such that is a , 

proper submanif old of X of constant dimension for each y, 
then Y is an immersed submanifold of X. For we can provide 
Y with a manifold structure by pasting together the * U^'s 
via the transition mappings Id : Unfi tly > Uy« Ci (jy . 



-59- 



Then it is clear that the injection i : Y >X is an immer- 
sion and the topology of Y is, in general, finer than that 
induced by X since the U^'s are now open in Y. The 
immersive submanifold is clearly uniquely determined by 
this property* 

9-5. Lemma : Let X,Y be smooth manifolds with W a proper 

submanifold of Y. Let f : X *Y be a smooth map and 

x£X be such that f(x) £W and. f Jf\W. at x. Then there 
exists a neighbourhood N of x in X such f on IT 

Proof : There is an" open neighbourhood V of f(x) in Y 

and a submersion % : V * (R Cod ^ v such that VAW = X'^O). 

The fact that f W at x is easily seen to be equivalent 
to Xo f being a submersion at x ) i.e. in some local chart 
.about x in X, the Jacob! matrix of To. £ kks maximal 
rank at x. But then this is true ^on a neighbourhood of x 
so that f 7f\ W on this neighbourhood. 

9.6. Lemma : Let X,Y be smooth manifolds with W ' a proper 
submanifold of Y. Let f : X— >Y be a smooth map and. 
assume that f <fvW on X. Then f~ 1 (W) is a proper submani- 
fold of X. , : t \ 

Proof : It suffices to show that for every point x£f~(W), 
there is an open neighbourhobd ' TJ of x in X sio that 
U (\ f\w) is a submanifold. Let V and X be as in, the 
proof of 9.5. Then Hi^CO) = VOW and X*t is a sub- 
mersion on f" 1 (VnW) (cf. 9.5). Now (To f )^ (0) = f ^ ( V) n f^W). 

and so f\v) o f 1 (W) is a submanifold of f 1 (V) . Take' 
U = f \v). 

9.7. Lemma: ' -LeV .'X,B,Y be smooth- manifolds,' with W a proper 
submanifold ' of Y-. Let j' : B >C°°(X,Y) be a mapping 

such that the mapping* 4> : s XxB-^ y,- given by ' 
<j>(*,b): «• 3(b)(x) ,; . ' ' • 

is smooth and 4> ^ V. Then the set' • ■ ■ 

• ■ {b^B. •: 3(b) 7t\ *} - ' ; ' ' " * ' 

is dense in B. ,. .j,><>> ' " '• 
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Proof: Let := ^(W)CX^B. By 9.6 is a 

proper submanifod of X X B. Let X : — > B be the 

restriction- to of the projection XXB *B. We claim 

that if ^ is a -regular value for X (i.e. either 
b. $ X (Wj>) of b € X (W^) and X is a submerei-n on 
TC" 4 (b.)), then -j(b) <K W. Then by the theorem of Sard (of. 

§11.1 or [2]) the set of regular values is dense in B 
and so we are done. Thus let b be regular for X . If 
dim W <jv < dim B, then j(b)(X)OW = § . If x£X with 
(x,b)£W£, then X(x,b) = h but X cannot, be subrnersive 
at (x,b): Hence b is not regular. In this cane j(b) ff\ W. 

Suppose that dim ^ dim B. Take x€.X. If (x,b)^W^, 
then 3(b)(x)£W and so .j(b)7>W at x. Thus we can 
assume that (x,b) £W^. Since T(x,b) » b and X is 
submersive at (x,b) we have that. 

80 I.o^tX X B) =' + T(r>; ( X X lb] ) . 

Now apply (Tp)^ : 

By hypothesis we have <S\ W and so 
i.e. j(b) ?1\ W at x. 

9.8 Put J » 3 8 (,>U.h) ~ ^fand denote by P » the partition 

of J in. the finite collection of immersive submanifolds as 
explained in 7.5. Remember that there are two groups of 
immersive submanif olds, divided up differently aocording to 
the cases n ■ 2 and n > 3. One group consists of orbits alone 
all of which have codimension ^ n+5 or n+6 respectively. 
The other is a mixed collection, but all members have codimen- 
sion > n+6 ■ 8 or n+7 respectively. 

The case n- 1 is special. Here the theorem of §0 is true for 
any r and the following proofs may easily be adapted. We will 
not oomm en t on this case any more* 
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9.9. If • f£.C°°(©' ¥ , e ) we denote by 'j* £ the mapping 
from B w into J*='3*(oK*} defined by*. ; • 

affU.y) - 3 S ( [x'—^ f( X+x sy) - f(x, y )] . ) , ? . 

= the Taylor expansion of f (. ,y) \h (R rTt - " 
of order 8 without constant' term, ' * 

Note that .[d^l^j = i\ C^ooJ In the sense of 6.6. 

9.10. If X c R Y * r and W is an immersive submanif old of; 
J, W»c J, then put , . [ [ " * 

:= [f€C°°(a^, 6 ) : J*"f<Rw at each v ■ , 

We denote by ^ v and t J* , by ^ v . 

If i> is a constant, let 

:= ^C°°( (R Mr , ) 1) jf g(y)|| < t ' ' for y £ X J: ' 
Then this is a neighbourhood of zero since it contains . 

9.11. Lemma : Let W be an immersive submanif old of J, 

X <Z B mr be compact and W f c W be a compact subset (so that • 
W is compact in J also). *Then ^J w , is open in G ^°(E mr , |R) . 
Proof : Choose f in and x in. X* Then either 

i] f(x) W» or j*f(x)£ W/' and the matrix 

has rank dim J = (^g 8 1 ~ 1 ' wiiere B is a matrix whose 

columns form a basis of Tjj^W. Since W is closed,. 

the above statement continues to hold for all x'U^H where 

U x is a neighbourhood of x and all f ' € C °°( fi n * r 9 fi ) 

so that ^f f (x f ) is near to j*f(x f ) for each x r £ Ax ; 

i.e. for each f 1 £ f + K for some constant £%>® 

(cf. 9.5). Cover X by finitely many . ( If £ is the 

minimum of the £ Xj then f + i <g . > 

9.12. Proposition : Let W be an immersive submanifold 
of J. Then f w = ^f€C°°(p mr , a) f.J*f <K Wj is 
a residual subset of C°°(lR n4r , E ). 



Proof : We have to show that v? w can be represented as a 

countable i* ,ersection of open dense subsets. Choose a 

cover of W by open (in W) , relatively compact subsets 

as in 9.4. We can find a countable cover. Then each W c c W 

is compact. Next choose a countable cover £ X j J of 

by compact, sets. Then ^ * J ~ x and, by 9.11, each 3 

is open. It remains to show thai eacn is dense. To 

simplify the notation, we write X for X ' and W f for W t \ 

We shall show that we can approximate an arbitrary f £ C*° 

by functions in ^y w * . Take J * i*Mv[ consider it 

as a space of polynomial functions on & Mr , independent of 

the second .variable and vanishing at 0. Let ot be a 

C°° -function, on B** r with compact support and ol » 1 

on a neighbournood U of X in . For b£J t let 

f+«(h be the function. 

(f+ *h)(x,y) =* f(x,y) + *(x,y)b(x) i (x f y)6f****\ 

If fc^ — *> • in J (i.e. the coefficients of b n converge 
to zero) , then' f+ of \ f in C od ( R Vf 9 B ) by 9.2 . 
Now let <j> : UX«f — J be the mapping 

(x,y,b)i— > j*(f+tf b)(x,y) - 3*(f+b)(x,y) 

= 4 f ( x -y) + i?^(x) 
and let j : J > C°° (TJ,J) be the mapping 

b, 3, 3jf(f+b) (:U-W). 

If .I h is a relatively compact open neighbourhood of W 1 
in W, then W' 1 is a proper submanifold of J (cf. 9.4). 
We claim that <J> W*! For 

^(f+b)(x,y) = 3*f(x,y) 4 jjb(x) 

and, for fixed x, b) -> j*b(x) is just the mapping of b 

onto its Taylor expansion at x without constant term. 

This mapping has an inverse (namely, the mapping CH4j^M, 

for c€J.) and so for any '(x,y) 6 B*"" the mapping 1 

b<—» 4>(x,y,b) * jjf(x,y) + ^b(x) 

is a diffeomorphism from J onto itself. Thus 
$ : UK J — v J 

is & submersion and so clearly transversal to W* 1 in J. 



The conditions of 9.7 are then fulfilled -and we conclude 
that the set $b£J :.j(b) » j*(f+b) 7^ W • on uj 

is dense in B. Then we can find a sequence (b^) in B 
converging to 0, Hence f+ofb'-»f in C°*(R^, C ) 
and j|(f+^b^) ft W" on U, i,e. f+*b n e ^ ci^, 1 . 

9.13. We would like to show that £ » > which 
is aresidual subset of 00 (R yHr > e) by 9.12,1s, in fact, 
open. is ^ot open in general .(since Q is an immersive 
submanif old) . Thus we have to choose another approach: 

Let : « ! * € (TC^.R) : jf f (R n+r )n 3% 0} in case n - 2 f 
. f f cC~(<R n+r f R) : tff(R n + r )nZj« 0} in case n 3. 
Since each Q*P with Q s 2L<* (6,7 according to the two cases 
n » 2 orni 3} we will stick to this notation from now on) 
has codimension^ n + in J, a mapping from R n * r into J 
(for r < 5,6) which meets can never be transversal to all 
of the Q*s in P. Thus $9 £ f . This argument can easily be adapted 
to the case n « 1 , r arbitrary. 

9.14. Lemma : J% is open in C°°(e n+r f ft'). 

Proof : Take f in J- . For xCB^i i^W^" an d * 
since 2^ is closed in J (4.4) we have 

£(x) := inf [ll3*f(x)-b\l : b£ Z$,j > 0. 

The mapping £ : B^'^B thus defined Is strictly positive 
and continuous (since it has the form 

t(x) = d(j*f(x> r 2^) )• 
B*Lt then f + is clrarly a neighbourhood of f which 

is contained in ^ • 

9.15. Now put :=* J\2L* which is open in J and 

P :» [Q€P : Q £ Then Pj consists of the 2.1n.-9 orbits 

listed in 9.3a). The following is the key 1 Lemma for the 

openness property and uses heavily a special property of 
the decomposition P 1 which is normally subsumed under the 
name of stratification. Sine* we loan *ase it directly, we will 
not dwell on the definitions. 
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Lemma: Let" f 6 ^ , X d ft mf > jV (x) ^ Q u for 80me Q *- € P 1 ' 

Then if J* at x, there is a neighbourhood of x 

in IR^ +r , a neighbourhood V of. f in ^ such that 
O^f Qj on for all. Qj £.P 1 and each f eV. 

Proof : 3*f ftQ t at x implies that. 

Ho*' let; ^ : J^X.L^— > ^ be the mapping ^(z,^) » a.<^ 

i.e. the action' induced oh hy . ITow if , then 

T 2 U.L*).:= In U,>>) e; ),. Let. a(jjf)(ac) and d(^U,.))(e) 

be matrix representations of TQjf)^ and T(^(*,.)) t 

for some coordinates, 'The.A the column vectors of 

d( i\ f ) x generate .,-Im CT.C j* f ) x > . and those of d( ^ ( a, ■ ) ) ( e) 

generate T 2 (&..L*) likewise^ So,. by assumption, the .matrix 

^ (d(3^f)(x) I cr(^ (jtf(x), .))(•)] 

has maximal rank, namely dim J 1 . » dim J » (^8^) ~ 1 • 
The mapping 

(f\x',<}>) — * £d(j*f«)(x'),|d(^ (3jf 1 (xM,.)(4 j] ■ 

is continuous, on J^Xfi mr x L* . since d( J* f )(x' ) 

depends continuously on.,.^fV : (H mr ^ J^ r , Thus the 

matrix 

[d('^f')(x<) ] d(^(^f(x»),o(<i>))3 

has maximal rank if x* is 'near x in to**, say x'eU^ 
a compact neighbourhood of x, and cj> is near e in i*, 
say <})£W, a neighbourhood of e in L*, and if 
d(^f f )(x») is near d(j?f)(x') for all x» CU^, say 

f u € (f + V t ^ ) n ^ where £> is a constant and the 
notation is from 9.10. But this means that j*f« ft 
on for all Qj £ P 1 and all f ' <(f + V e > u ) ft ^ »: V. 

9.16. Proposition : If n = 1 for all r, if n s 2 for r $6,* if n» 3 

for r^5 the set J is open in C^OR * 1 *, JR). 
Proof: Let X C IF"" be compact. We show first that 

A " :=K i*< *1 • a^Oftftj' on r for all Q3 £ P^ 
is open. Choose £ in- #f . If X £X then ^f(x)*Qj 
for some 5 so, by 9.15, there is a neighbourhood II„ of 
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x in (R mr and a neighbourhood (f + V^'u^ )'r\3\- of f 
(s«e the proof of 9.15) so that. £• ft Q v ; on U x -. for all 
Q^CP^ and all f'e.(f 4- v£ ) fi ^ ... Coyer X oy finitely 
many {Ux^l °f the u * fs le ' fc £ - min • Then' 

+ 'P.aA • : . .' ; . " 

N w let X = U X u fye a dis joint, union of compact subaets 

vm r t - 1 • '• , . •" . 

of © and suppose that the X^s have pairwise disjoint 
neighbourhoods |yJJ . We claim that. . ^* is again 'open. 
For let ^ : K D+r — >R t*e. smooth functions with 
£ 1 , ^ = 1 on X t and ^ = * off Y for each 
i. Now if f e 3* > then f.C J*" for each i and so 
by the first part of the' proof there 16 a constant £ v > 

so that (f + V £wX( _ ) n ^ S ^. ".' let 
^ : = 'l L - Z^ t • 

TJaen is strictly positive and if x€.X t then Vt-(x) = ''£,,.» 

Hence (f .+ yJ, ). A,^c (f + v, 1 x ) € 0*5 » 

We can now prove that is ojjen in t ^ . For we can 

choose subsets X,X f of K n - r with the' above property 
so that X UX f = E mr (e.g. , 

X := U ^xe.fi* r% : 2zn-'J«l\ x\\ ^ 2nj + J } 

X':= ■ \J C :i 2m + J $4 x i\ <; 2nq + |] 

Then £ = A tf, and so is open/ 

9.17 Theorem : If n»1 and r is arbitrary,, or n*2 and r^'6, or 

n> 3 and r ^ 5, then the .open dense subset , 

3 :» I f c cT(R n+r ,R) : £ f X Q^' for all in P } 

has the following property: if f e 4 , then M f Xs a manifold 

(notation from §8 or §0) and each singularity of P£ f is 

equivalent to an "elementary c a tastfophe". 

Proof : Choose f in J- Then 3*f ft ) ■ in- 

J » j^C^X^). For ) is a linear subspace of J and 

if x €. .fi Hr with j*f(x) £3*(->/jh, jlfOO^Q for some 
Q £P, Q c j*( ^ )'. *hen " j*f ft Q at x ,that is - 
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<Z Im T(J*r\ + T'jft.jU 1 ^) 
and bo j*f /ft j'(-t£ n ) at x. 

By 9.6 fj'frHj 1 ^)) is a submanifold of B ,%wr of 
codimension a since j*(*4C* ) nas codimension n. 

Now (i^t)' 1 (i^) » tW)£ fi^ r : 4*f(x,y) 0* -X* } 

= ^(x,y)€fi n ' r : j^tx'^ffx'+x.yj-ffx.y)^) - Oj 

- {(x.y)£ B^: ^(x,y) - — » ^ (x,y) - 0} 

Hence Up is a submanifold of ft n+r of dimension r. 
Let ^ : Mp — » t* r be the* restriction of the projection 
from 6^ onto B r . Suppose that has a singularity 

at (x,y)£Mp and suppose w.l.o.g, that (x 9 y) ■ (0,0). 
Let f := fl^ x ^ Then [f] €^ since (0,0) CM^. 

3 U^o - W f \o^ * i* J s^ce ft^ and 

so tf] a ia 811 8-transversal unfolding of tf3 (of. 6*6). 
Thus* by 6.7 



and so dim (^/ A( L*lJ + ) dim v rci *r< 6. 
Then T? ( j^fl c ) $ 6 (see the proof of 4.4) and so 

. . codim £f} o * r(J^f^)«& (4.4) 
which implies that. 

det, [f]^ codim \t \ + 2 * 8 (4,2). 

i- e - is 8-determined and [f T % is an 8-trdns- 

versal unfolding of [f] . Then (r, [f] ( ) ia a» universal 
unfolding of [f] by 6.11. By 8.7, reap. 8.8, we conclude 
that CXOo * XtH^ iB equivalent to an elementary 
catastrophe. 



9.18 Theorem ; Under tine assumptions of theorem 9.17 for any 
f € ^ the mapping %p i 8 locally stable on M f . 
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(We say that is locally stable at (x ,y )£M f if the 

following holds: if IT • is a neighbourhood of Cx ,y ) in © mr 
then there is a neighbourhood V of f in 3 such that 
for each g£V there exists an Cx^XefffM^ with 

in the sense of 8.5. Since Mj and Ms- are manifolds, we can. 
express the notion, of equivalence of 8.§ in a simpler way: 
there exist germs of dif feomorphiems 

4> = C*;.(x ,y )> > (M^,(x 1 .y,, )) 

sothat ^. txO^a., * IXlVyo 



4> 



Proof : Let (x Q ,y )CM f . J If j'f (x ^ ) £ J and B" 

is a neighbourhood of (x ,y -) in } then 

j*flNU .L*) at (x a ;y ) 

since f £ 3" . Let c » codim a^.L* in J ( ^ n+6). Then 
there exists a c -dimensional af fine subs pace C through 
(x ,y ) in- JR VHr such that for . D =* C AH * we have 
A* Id ^ *o- L £ thus W^lfr^) 1b a germ of an 

tmbedding. There exists an open subset D^QD ; (x^,y )£D^ y 
such that, j*f (D^ ) A (z .L^> is a one-point set* If g is 

near enough to f in J~ , then 3^ g(-D^ ) (»o*L n ) is 
still anone-point set. and ^ (jl ,L*) on 3),. 

Let V C ^ be a neighbourhood of f such that each 
g£V has this property. Then for g£Y we- have 

$ f ^ ^ ( 5L o* L ?|) on D 1 8111(31 ^ ere exists (x 1 f y 5 1^ 
such that j^g(x 1 f y 1 )»:» 1 6. J**^ ) r|(a .L^). Hence there 
exists <^> £ L J such that z^s&o.^ . Let 
f (x,y) 38 f(3c +x f y -»-y) - f(x o ,y ) } 

g 1 (x,y) » g(x 1 +x,y i -»-y) -gU^y ) (> 
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so that f r -g 1 . : (£^,0)- — *( ©**,()) and 

Now j^f . j^.f. (a translation) and so " f TFf j*( fj^ J . L*) 
and (r, Ifol^j) is 311 3- trail a versa 1 unfolding of t f o!^\^tlo* 
Since, r^ 6 we may check as, in the proof of 9.17 that 
( r > L f ol(o^)-^.i?/?! l ^ i Y er ? a J L unfolding of [fo)^^ K : a j] and that 
t f *W\^io is determined, so that [f^ -] is right- 
equivalent to its 8-jet a^. Likewise g^ and a 1 , Now by 
construction z^^a and so 

and (r, [f tf ]^ 8 j) , (r, [g-,]^) are universal unfolding*. 
Hence by 8.&(d) we may conclude that X[F3 ^ ^^§3 } 

where the first equivalence is given by translation by 
~Cx ,y ) in 'IR mr and „by -y in © r and the last 
equivalence is given by translating by -(x ,y 1 ) in R^ r 
and by -y in K r . 
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§10 CATASTROPHES ON FOLIATED MANIFOLDS 

10.1 Let M be a manifold, smooth without boundary . Our first aim is 
to treat the Whitney-C 00 -topology (sometimes also called fine topology), 
on C 00 (M), the algebra of smooth functionj on M. For that we have to 
treat the jet bundles J k (MJR) over M. 

i 

Definition ; A k-jet of functions on M is an equivalence class Cf ix] k 
of pairs (f,x) where fc C m (M) and x € M. The equivalence relation is . 
the following: [f,x] k = [g,y] k if x = y and f, g have the same 
Taylor expansion at in some (hence any) chart of M centered at x. 
A coordinate free version: [f,xl. = if x = y and T k f = T k g , 

|^ K K X X 

where T is the k- times iterated tangent bundle functor. 

We write [f,x] k = j k x f = j k f(x) and call it the k-jet of fat x. 

The set of all k-jets is called J k (M,R). 

10.2. Now let M = U be an open subset of « m . Then the k-jet at xcl) of 
any function f € C 00 (U) has a canonical representative, the Taylor- 
polynomial of f at x of order k : 

(j k f(x))(t) = f(x) + df(x)t + Jf-d 2 f(x)(t,t) + ... + Jy.d k f( x )t k . 
So we have J k (U,K) = UxJ k , where j£ is the space of k-jets at-0 of C®. 

functions on treated in §1. Each j k f: ^(U,*) is a section of 

k ' 

the trivial vector bundle J (U,JR) over U. 

Now let g: U—^U* be a diffeomorphism between open subsets of fl m . 

k 

Then for eacfi"x#U the k-jet j g(x) is an invertible polynomial 
mapping from 0R m ,x) to flR B ,g(x)), and truncated composition with j k g(x) 
from the right hand side gives a linear isomorphism (even an algebra 
isomorphism, see §1) from J^ (x) (U»4R) to J k (U^R)i where jJ(U^R). = J k 
is the space of all jets with source y. In detail: 

j k f(g(x))>— * j k f(g(x))«j k ia(x) = j k (fog)(x). 
This gives a fibrewise linepr (even fibrewise algebra-homoinorphic) 
diffeomorphism J k (g,H): J k (U* ,11) — »J k (U,ft). 

10.3. Now let M be again a manifold of dimension m. Let (U,u) be a chart, 
i.e. u: U — *u(U)CR m is a diffeomorphism from an open set U in M onto 
an open subset of IR m . 

For each k-jet &* c J k (M,K) with source x = <*(*)€ U , i.ew Cr * j k f(x|' 
for some f, and «: J k (M^R)— ►M is the source projection, we associate 
j k (f« u" 1 )(u(x)) e J k (u(U)JR) to e- . 
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This is a bijective mapping jV 1 ,*): J^W*) = J^U*) ~*J k (u(U),«) 
_ u (u) x J .All these mappings together for an atlas of M give an 
atlas of J k (M^R). By 10.2 the chart-change mappings are smooth and ©o 
J k (M,K) is a smooth manifold, oC : J k (M,<R)^M is a smooth vector bundle 
projection (even an algebra bundle projection)* 

10.4 The Whitney-C 00 -.topology on C 00 (M) is given by taking all Gets 
of the form U(k,V) = [f cC 00 (M): j k f(M)<=v} , V an open set in J k (MJR) f 
as a basis for the topology* It is easy to see that this is actually u 
basis of a topology. To prove that this topology is a Baire ©pace w© have 
to make the following constuction. 

10.5. Let X, Y be arbitrary topological spaces. Let C(X,Y) be lUv npwv 
of all continuous functions X-*Y. The graph topology on C(X,Y) in tjiven 
in the following way: Let f£C(X,Y),and T f a £(x,f(x)), x i x] C X*Y 
be the graph of f. Let W be an open neighbourhood of P f in XkY, Then 
let N(f,W) = £geC(X,Y): f^cw] , and take the filter N(f,W), W open 
in XxY and containing P^, as a base for the neighbourhoods of f in C(X,Y)* 
If X is paracompact and Y is a metric apace with metric d then th© graph 
topology on C(X,Y) has a base consisting of all sets of the farm 
N(f,f) = £geC(X,Y): d(f(x),g(x))<£(x) for all x in X }, where 
I: X runs through all continuous strictly positive functions on X. 
Still another, definition: A subset of C(X,Y) ia called uniformly c losed 
with respect to the metric d on Y, if it contains the limit of each 
uniformly convergent sequence in it. Any subset which is closed in the 
topology of pointwise convergence, is uniformly closed, as is a iubeet 
which is closed in the compact open topology. 

Lemma: Let X be paracompact and let Y be a complete metric space. Then 
any Uniformly closed subset Q of C(X,Y) is a Baire space in the 
graph topology. 

Proof: Let (A^) be sequence of subsets of Q which are open and dense in 
the graph topology. Let U be a non empty open set in Q. 
We have to show that UnfiA i 0. 

The set A Q n U is open and not empty, so there is some f 4 A n u " 
and some * Q c C(X, (0,1) ) such that Q n N ( f Q , 2 f Q ) C A Q nU , where 
= [g'«C(X,Y): d(f o (x),g(x!))^ £ Q (x) for all x in x] . 



-71- 



By recursion we get sequences (f* n ) in Q, (£ n ) in C(X,(0,1)) such that 

fc n+l*V 2 and ^"^r^l'^l^^^ for all n. 
Then we have d(f n+1 (x), f n ( x )) £ 2 ~ n > therefore (f ) is uniformly 
convergent on X and f:= lim f is in Q since Q is uniformly closed 

with respect to d. Also d(f(x),f (x)) £ J? *„(x) £ £ (x) £ 2~ k = It (x). 

n k>n n n k>0 n * 

So f € N(f n ,2£ n )^ Q c A p nN(f n ,f n ) , f*/* n for each n. 

Also f€N(f ,2r)nQ SA nU, thus f<Unf]A . 

o o o * n 

10.6 Theorem ; (M) is a Baire space in the Whitney-C 00 -topology. 

Proof : Let J 00 (M^R) be the projective limit of the sequence 
..^J k (M > «)^J k+1 (M^R)^J k+2 (M^R)«~ ... , where the maps are the 
canonical truncations. Each J k (M^R) is a manifold, so it is complete 
metrizable, so J 00 (M,IR) is a closed subset of TJ j k (M,«) and is thus 
also complete metrizable. 

Let j" : C m (M)-> C(M, J 00 (M^R)) be the obvious mapping. Then j 00 is 
injective (since truncation at order of j 00 f gives back f),and the 
image is closed in the compact open topology (which induces on C 00 (M) 
the topology of uniform convergence on compact subsets, in each derivative 
separately, making it into a complete locally convex vector space). 
So the image of j 00 is uniformly closed und by the lemma it is a Baire 
space in the induced topology- Also the image is contained in the 
subspace of all continuous sections of the topological) vector bundle 
J 00 (M,fO — >M, where the graph topology coincides with the topology 
given by the base U(s,V) = {s f s'(X)svj , V open in 'f°(njR). 
By well known proper tiet of the topological projective limit, this last 
topology induces the Whitney-C 00 -topology on C 00 (M) . 

10.7. Let M be a manifold of dimension n+r. A foliation F of codimension 
r on M is given by a distinguished atlas on M, an atlas consisting of 
distinguished charts (U,u).* These charts are maps q: U-*R n xiR r , . 
u(U) = QjX G^, a product of two open cubes in tR n , lR r , respectively. 
For any two distinguished charts (U,u) and (V,v) the chart-change map 
u^v" 1 : v(Un V) uGJnV) has the form ] u • v~ l (x,y) = (f (x,y),g(y)). 
For any distinguished chart (U,u) the set u^Q^x ty)) is (a piece of) 
an n-dimensional submanifold in M. It is called a plaque. For any xeM 
let F(x) be the maximal n~dimensional connected immersive submanifold 
of M which conihcides in eap*r^witinguiahed chart -with a ^>J«qee JBoi 
contains .x.F(x) is cabled the leaT frf the foliation F through x. 
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10.8. Let F be a foliation on M. To any x in M we may associate the 
tangent pi >e T x F(x) to the leaf through x, which we denote by T^F for 
short. This gives a vector bundle TF over M, a subbundle of the tangent 
bundle TM. If X and Y are two vector fields on M taking values in TF 
(sections of TF— *M), then the Lie bracket [X,Yj takes also values in TF. 

Theorem (Frobenius): Let E be an n-plane bundle in TM over M. 
Then E is the tangent bundle of a foliation on M if 
and only if for any sections X,Y of E^the Lie bracket [X,Yj 
in TM has also values in E. 

This is a standard result of differential geometry. 

10.9. Let M 04 * be a manifold with a foliation F of dimension n. 
We want to define the, vector bundle (algebra bundle) J k p(M t R) of 
k-jeta along leafs of smooth functions on M. 

For that let (U,u) be a distinguished chart on M, so u(U) ■ Qj**^ 
is a product of cubes in f? n and IR r respectively. 

We define ^ f MU)jR) := Q^x Q 2 >cJ k (here F indicates the trivial 
foliation R 04 * = « n >qR r ). For any f€C°°(u(U}) we define 

j k F f(x,y) := j k (f(.,y))(x)c3 k . 

Any chart-change mapping between distinguished charts (U,u) and (V,v) 
is of the form u»v -1 (x,y) = (a(x,y),b(y)), so it induces a fibrewise 
linear (and multiplicative) smooth mapping 

J^Cu . v~\r): J k p (u(UnV)^R) — ► J k F (v(U r\ V) ,1R) by 
J k f (u* v^fiOQ^Hu .v" 1 ^))) := j k F fUx,y),b(y))*j k F (uov- 1 )(x,y) 
= j k jr (f*uo V - 1 )(x,y) = j k (f^uo v" ,1 {.,y))(x) , 

and this depends only on j k p f = j k (f J F(a(x,y),b(y)) * j k (f | Q 1 ><{b(y)}). 
So finally we have 

J k F (u.v" 1 ^R)(a(x,y),b(y),j k F f(a(x,y),b(y)» a 
« (x.y, *J k F f(a(x,y), b(y)>. j k (a(.,y))(x). 
Note that j k (a(. ,y))(x) is a germ of a diffeomorphiem (Q 1 ,x) --*(QJ»a<x,y>), 
So by glueing the sets 3 k f {u(U)JR) via the chart-change maps J k p (u» v" 1 ,*), 
we obtain the k-jet bundle ^(M^R) of k-jeta along leafs of smooth 
functions on M. 
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10.10. The following considerations are parallel to 9.8 - 9.18. 
As in 9.8 we put J = j 8 W n )c J 8 and again let P = £v.$ be the 
partition of J in the finite collection of immersive 'subman if bids 

as explained in 7.5. The reader is advised to look up 9.8 and 7.5 now. 

The subbundle (in a fixed distinguished coordinate chart {U,u)) 
^1 X ^2 X ^ °^ ^l x ^2 >< ^n * s s ^ aD ^ e urakr. all coordinate changes of 
distinguished charts, since these lie in the group L 8 . Also all 
the members of the partition P are stable under these coordinate changes. 

So we see that the following facts hold: 

8 8 

1. There is a subbundle J p(M,ft)g of J p(M^R) of fibre codimension 1, 

consisting of all k-jets along leafs without constant terms. 

In any distinguished chart this bundle is mapped to Q,xCLxJ. 
8 

2. , n p(M,fDg is partitioned into a finite collection of immersive 
submani folds W.. Each W, is a fibre bundle over M with structure , 
group L n and typical fibre V^. Each has either codimension 
^n+5,n+6 or codimension^ n+6, n+7 (for n^3 or n = 2 respectively; . 
again we do not mention the simpler case n = 1 which is left to the 
reader). In a distinguished chart the immersive subbundle VL is mapped 
to Q-^xO^xV^, V i the corresponding member of the partition P of J. 

10.11. Let us fix some notation for the following: 

M n4 * r is a smooth manifold with a codimension r foliation F, where 
r ^6 for n a 2 and r £ 5 for n^ 3 and r arbitrary for n = 1. 
We write J(M) := J 8 F (M^R) Q for short. 

If X is a subset of M, W is an immersive submanifold of 3(M) and Y is 
a subset of J*(K) t we put 

v s= f f ^C°°(M): j 8 r f * W at each xrX with j 8 F f(x)€ Y] . 
Furthermore put ? W>Y := ? W>Y , * w * Wj j( M ) « * w - *w,'J<M)- 
We fix a metric d k on each space 3 r (M#D so that it becomes a complete 
metric space. For f 6 C 00 (M), £ € C(M,((J,1)), X*M and k>0 we put 
Nj(f,£) := {g^C^CM): dj/Uyf <x) f j 8 F g(x» < €(x). for each x«x} . 
This is a neighbourhood off in the Whitney-C 00 -topology since it 
contains the open neighbourhood Nlh(f,£). • 

i 

10.12. lemma: Let W be an immersive submanifold of 3(M), let X be a 

compact subset of M and let W 1 be compact in W. 
Then 3^ w , is open in C°°(M). 4 



Proof: Let f € ?^ r . It suffices to show that for each x€X there is 
a compact .eighbourhood U x of x in M such that 1^ x W t contains an open 
neighbourhood V x of f in C 00 (M). For then we can cover the compact X 
by finitely many 1> X = U A and then flV Xi =* v c O^W^' C ^*,W' » 
and V is an open neighbourhood of f. 

Now we have to- control only near x, so via a distinguished chart we 
may assume that we are in Q^x Q 2 c IR m " T 9 and there we alrutidy proved 
lemma 9.11* 

10.13. Proposition ; Let W be an immersive euboMtnifold of 3(H)* 

•Then = [f € C 00 (H) i jyf W 1 .is it residual eubeet 
of C^CM). 

Proof; We want to show that 3^ can be represented oq « uountribh* 
intersection of open dense subsets. Choos© o cover of W by upon (in W) f 
relatively compact (in W) subsets Wj as in 9.4. Then each Wj is m\ 
embedded submanifold of 3(M) and Wj , is compact. Next choose a countable 
cover (X k ) of -M by compact subsets such that each X^ is contninc?d 
in a distinguished chart (U^ , u^ ) of M. 

Then ? w * f) #* k w and by lemma 10,12 each ? 2 k w is open. 

j,k ,W j . W,W j 

It remains to show that it is also dense. Since we need transversality * 

only on X k C U k , we may assume that we are in JR n4 " r and finish the proof 

as- in 9, 12. . ■ ' 

10.14. We want to show that the set $ b f) 

Wi* W l € p » the partition of 
3(M)"$ » which is a residual subset by 10.13, is in fact open* 
We repeat the procedure of §9 and put 3^ = [f% C°°(M)s j 8 F f(M)n«. = 
for those W,^ in P which have codimension £ n+6 f n+7 } , 
2 i the union of those W A with codim. n+7, io closed in each 

distinguished trivialisation Q^^xJ (it is Qj^^*^ 7 tneri ^» 
and it is m locally trivial topological bundle over H, eo' & is closed 
in 3(H) and therefor© . 3^ is open in C m (M), by the same argument it in 
lemma; 9: 14. Let P x = fw^ codim W A ^n+5, n+*$ f a partition of the op«n 
set 3(M)\ S 

10 - 15 * LemCTas Ut f€ r v x«H, j 8 F f(x)t W A for some W £ € F r 

If j r f Pk W A st x, 5 then there is a neighbourhood U % of x 

in M and a neighbourhood V of f in 3; such that 

8 1 
3 F 9 * Wj on U x for all g e V and for all W, € P,. 
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Proof The problem is local at x € M 9 so we may choose a distinguished 
chart at x€M and use lemma 9.15 or better its proof. 

10.16. P roposition : V n % ± ad^ : W.* 9^ n is open in C 00 (M). 

Proof: The same proof as for 9. 16 applies here, since we did not use 
the special structure of tf? n+r ~structure> For the last part of the 
proof, choose a complete metric on M. 

10.17. Theorem : Let M n+r be a smooth manifold with a foliation F of 

codimension r. If n = 1 let r be arbitrary. If n = 2 let 
r 46. If n* 3 let r <5. 

Then the open dense subset $ = ?f € C 00 (fi): j 8 _f * W. for 
all W.€ P j (j A pf * ... if n s 1) has the following 

properties: 

1. If f e % , then the set M f = £x€ M: df(x)|T F = oj is a 
submanifold of M. 

2. For f € If- and z e M^. there is a distinguished chart 
(U,u: U ~->Q^*. Q 2 £. JR n xlR r ) centered at z and a mapping 
v€ C°°(Q 2 ) such that f ou'^Xjy) - v(y) is a polynomial 
in the list of §7. 

Proof: Using a distinguished neighbourhood we can assume that we are 

n+r * * 

in IR and we get from theorem 9.17: 

M f is locally a submanifold, so it is a submanifold. 

The germ of f at z is a (uni)versal unfolding of the germ of f 

restricted to the leaf F(z) through z. This clearly implies 2 by §7. 

10. IB. Theorem : Under the assumptions Of lo ..1-7, for any £ € tF the 
singularity type of f at z is locally stable: the polynomial 
in 10.17.2 stays the same if f is changed sufficiently few 
with respect to the Whitney-C 00 -topology , and the singularity 
point z stays near the original one. 

This is seen by looking at the proof of £.18. 
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10.19. Let it : M — *N be a submersion which we my mwum aurjactiva 
without It. 3 of generality. Then the connected component* of invert* 
images of points form the leafs of a foliation of M (with quotient 
structure N)« 

Theorem : Let v ; — *N r be a submersion with induced foliation f 
on M. Suppose that r is arbitrary if n = 1, r<6 if n s 2, 
r£ 5 if n^ 3. 

Then there is an open dense set ^SC^tM) such that: 

1. For f « H the set M f » f x« Ms df(x)|T x F » $ is tt submimifold 
of M. 

2. For f € If denote by .X^i M f — -*N the restriction of the 

' projection t to M f tM. Then aach -stDgdiiarity Of la 
equivalent to an elementary catastrophe* 

3. The mapping ^ is locally stable with respect to fs 
For any x « M f there are open neighbourhoods U of x in M 
and V of f in C 00 (M) such that for any g c V there is some 
y i U -with y* M^.and the property that the germ of SKy at x 
is equivalent to the germ of ^ at y. 

This is a reformulation of 10,17 and 10*18 using 9.1i again* 
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ippendix. TBB BI?ISIO¥ 38380831 ON BMiOH SPICKS* 31 

fhe following is a detailed exposition of the proof of 
the division theorem for smooth functions, following liren- 
berg [8j + up to his extension lemma and Matheu^s proof [6] 
of the latter, fhis proof is deveflopped in the context of 
Banaoh spaces, - the necessary modificat ions are minor . The 
division theorem has been used in [5] # 

1. fffae division theorem » Let E,F be real Banaoh spaces 
and let d i ixB- *B be a smooth function, defined 'near 0, 
such that d(t»G) = "d(t)t k for some fc > 0, where d(0) t 0, 
"3 i ft — »B is smooth, defined near 0/ 

Then given any smooth function near f $ ExE— >f 
there are smooth functions near q i ffixE— ^F, r^i B — 
i a 0,1, . . .,1c ~ 1, such that ■ 

f (t,x) « q(t,x)d(t,x) + ^ , r^(x)t 1 . 

> . . . ... 1*0 X . 

2. Notation s Let P k * (R xfi^—J-R be the Polynomial 

P fc (t, ^X) « t fc * ^L.^ i t i , !X« ( • • • *" 

3. iffhe Polynomial Division theorem s Let f(t,x) be a 
smooth function Ixl-»0®1. 

Then there are smooth functions, defined near in E , 
q t ttxExfi*—*'© ®F, r,i E xe k — >C €>F, i « 0,...,fc-l, such 

that f(t,x) a q(t,x,a)P tr (t,^)+2Zr i (x,A)ft i . If' f is 

. K . ■ i=o 1 

realvalued in € ®F (i.e. takes its values in the real sub- • ■ 

space 1 <S>#)» then q and r ± maybe ohbsen realvalued too. 

Bemarfcs. $ a) <P<g)F a is oust the canonical 

oomplexificetion of the Banaoh sp^ce F, with some suitable norm. 

* Heprinted from Sitzungsberichten der Osterreichischen Akade- 
mie der Wissenschaf ten Mathera*~aaturw# Klasse i ib teilung II, 
189 »Bd., l.bis 3. Heft, 198o, with the permission of the 
iustrien .Academy of Sciences 

+ References in parentheses refer to the bibliography at the 
end of this appendix* 



b) The last assertion is trivial t Just apply the pro- 
jection C ® P — >1 ©F to . q and r^. 

c) If f is in E defined Dear only* thon thy po- 
lynomial division theorem remains valid for q ana r ^ do*- 
fined near >. Nothing in the proof to follow has to bo chan- 
ged. But the global version does not imply the loool ono in 
general* since there need not exist smooth partitions of uni- 
ty on B (on C CCOjil]) e.g. there is no smooth function with 
bounded support, of. Bonic and Frampton [lj }. 

d) Without loss of generality we may assumo that f(* # x> 
has compact support in B for each xgE (or near 0). Kor 
suppose the theorem is valid in this case and £ In arbi- 
trary, let SjCO^h^t), jglNf be two looally finite families 
of smooth functions with compact support such that 
(SjCOh^t))^ is a partition of unity. Thm for each $ 
may write ^ 

h d (t)f(t,x)= q a (t,x^)P k (t^)+ZI r^^A)^ 
but then clearly 



we 



for 



f<*,x)« q(t*x* A)P k (fiA X+ZL r t (x, A)t i 

■ i«l ■ 

' - ttC • .x. A )« ZI gjC • ) qj ( t ,x, A ),r i (x, \ )« Xg 3 ( t )^ (x A) . 

5* 2£2S£ of th« division theorem using the local form 
of the polynomial division theorem s 

Given d as in 1. there are smooth functions defined 
near q « lRXEx© fc — »>e, r t t EXB k ^B, i a 0,... # k-l jg 
that 

fc~l 

* q(t,x*^)P fc (ft,^H2I ^(xA)* 1 * (6) 
We claim that ^ 3,s0 

q(0,0 A 0) 4 O.rjCO.O). 0, ~d (0,0) jf f»« ill J, 
Bra 

^ (0,0) « o for j< i. ■ ■ ( ? ) 
By (6) we have * 
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■ 

Looking m the Taylor expansions at of both sides of this 
equation we see that r i (0 A 0) » for all i and 4(0*0,0)9 
ss d(0) j£ 0. How differentiate (6) at x sb">0,' 5ts with res* 
peco to , to obtain ' 

« qCt.O^O)* 1 + -fia (t a 0»0)t fc * 1EI (0,0)A 

Again fsylor expansion at tells us the* for j < i we 

7)r, 

haw (0 A 0)s and ^ (0*0)* ~q(0,0 B 0) *i 0. So (7) 

1 i 

follows. Let now B « ,,# * E k:4 ),KxS8 ^ fi ^ then JLB(0 a 0)« 

55 C-^rr^ (0,0))t and this' matrix is invertible by C7).' 

Now consider the mapping (x t A )*— *(x,B(x,A )) from 

the form 



k 

EXE into itself A defined near* 0* Its derivative at has 



( ld E ° ) ; . • 

\%B(0,0) D 2 R(0,0) / 

and so is invertible too. By the inverse function theorem on 
Banaoh spaxxes <-of»6%£eng [4], I* §5, this mapping is locally 
invertible at (0,0)^ its inverse (again fibered over B) be- 
ing of the form (x, A)V->-(x,s(x f !X ))• Then of course 
R(x*s(x» A)) * % . 

Let now 1?,q i exB-^fi be given by !*(t*x)» P fc (i,s(x,0X), 
q(t»x)= q(t f x,s(x f 0)). Using (6) again for A s s(x,0) we have 

■. k-1 

d(t,x)= q(ti x,s(x,O))P fc (t.s(x # 0))+2Ir i (x,s(x,0))t i 

• 1*1 

« i(t.x)?(t,3c). 

l/q(t,x) exists and is smooth near since 5(0,0)' s 
* Q(0*0,0) & 0, so f(t,x) m d(t,x)/q(ti»jr) °* 

How if gome f is given as in 1. then by 3. again there 
are functions ia t fixi'Xfi^— n. rlxi k -*"f, i«0 # ...,fc«l» 
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deflned nee* 0, such that (for A» b(x,0)) 

f(«.x) « a(t,x.s(x.0))P fc (6,8(x»0)) + £ n i Cx, 8 (x.0))t i 

i*s0 

fc-l 

fc-l 1850 

« g(t i x)d(t,x> 51 f 1 (x)t 1 . 

i* D qed, 

8* For the proof of 3. we will need two lemmas. Before 
proving the first one, some notation t 

Le t f i C— be smooth as a real funotion* If m I + iy> 

then af»^dx + ^dy«^d» + -|£dl, 
tfx dy oz 

where -|£ « if-|£ -i ) . ^ « Jfi* * 1 • 
dz 2Vdx dyV dz 2Vdx <?y/ 

d(fdz) • df Adz » + dz Adz. 

<Jz 

9* Lemma t Let f $ C—*C ® P be smooth. Let T be a 
simple closed curve in € whose interiour is U. Then for 
w6U we have 

t (W)3S JL. CJttjQ dz + -L. ff^Isi^i . 

27Ci Jz-w 2-fCi J tf Oz z~w 

(If - f is holomorphio C— >C (S>I, i.e* » 0, this reduces 

oz 

to the Banaoh spaoe valued Cauohy formula* The integrals in 
this lemma sre meant to be Bochner integrals t Biemannlan 
sums will converge in the Banaoh spaoe C ®F. See Dtfnford- 
Schwartz I £33 for a discussion of vector valued integration.) 

Proof t First we reduce the lemma to the one dimensional 
case t The first integral exists in ®F since T is com- 
pact. and f(z)/(z-w) is continuous on T * The seoond one 
exists, since J)f/ dz is continuous on Tt and flff Aflf de- 
fines a finite Badon measure on TL 

Now we use duality. Take any continuous - linear func- 
tional \p on € ®F. That commutes with Integration (with the 
limits of Biemanolan sums by continuity and with those sums 
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by linearity) and with -r— by the chain rule, since it is 

O z 

cv/n derivative* So we may compute i 

/ 1 f f(z) 1 ff 2 dzAdz \ 

1 V 2 TDi J z-w 27ti n J Oz " z - w J 

T U 

i f \p(f(z)) l, rr > dzAdz 

27^1^ z - w 27M 0z ' z - w 

= vj?(f(w)) by the one dimensional formula . So by the theorem 
of Hshn Banach the formula holds in € ®F* 

"Mow we prove the one dimensional case. Let wgff, choose 
£ <rain(fw - z\i z£*f}. Let U g = U\(disc of radius £ about 
w) and fg-^Ug • 

tie apply 8. and Stokes' theorem to the function f (z)/(z^w),, 
which is smooth on a neighbourhood of • 

ff£ ^ . . CC d (!i!2 „). . f£i!2 as 

ii Oz z - w 7/ \Z-W J -v~ Z-W 

ff(z) %(w +ee2pCi^)) . _ 

= ~ \ dz + \ — ~ i 6exp(iV)d<J\ 

J z-w J £exp(iw 

T v 

As & — ^0, the last integral converges to 27ti f(w) by . 
form continuity of and the integral on the left-hand-si 

converges to CC -|| , since is bounded, ^^Adl 

-^y Oz z-w 0z z-w 

induces 8 finite Radon measure which* applied to the diffe- 
rence set U\Ug , converges to 0. . ^ e ^^ 

lo. The Nirenberp; Extension Lemma i Let f i R X E — > 
C @F be a smooth function with support contained in K XE 
for some compact K in B. Then there exists a smooth func- 
tion ft C X E X C fc — *C <g)$ such that 

f(t,x, 90= f(**x) for t^e and ell (11) 
(ZjixA) vanishes to infinite order for {imz == 0} (12) 

oz 

and on {(z,^) s P k (z,C\) = 0^} for all' x£E. 

3-3* of the polynomial division theorem J.* using 



the lirenberg extension lemma lo. 

Leu ■ oe as in lo, and lei f be iu. extension, it 
suffices to prove the theorem for such on i\ cx\ 4«U). 

jftT be a smooth simple closed curva noor t *o €, 
U the interiour of T , OeO. 

For P fc <«, X )« * fc + X V i; ^ ( V * * * *Vl } & ^ ' 
we have ~ ^pi . 

P, (zA)<(w;A)= sW* + 21. A.O 1 - w x ) 

+ ^XCa 1 " 1 ^ a 1 "" 2 * "+•..+ sw 1 ^ w 1 * 1 )) 

ia-1 1 

fe(z-w)2Tp i Cz J i^0w 1 for polynomials p t in a, A. 
i*o 

So »J&™, — .« — — * 2L- pa 2, A)w *% 

z - w." ' ■ . a - w i®o 

How by 9. we can compute 

27t;i J % - w ' 2TD1 <?:* r. - vr 



27C1 J Cz-w) 
T .~ 



dz + 



2Ki ^ dz P fc Cz,A) z - wj * 

+ 21 ~ — \ fCz.iA) — ~ dz + 
i=.o L-2 7Ci 4 P fc (zA) 

l rr "d£(*»*A) Pjf- A) „1 < 

+ \ \ r— - i — <** Adz . w 1 

21M. a J dz P fc (zA> J 

a <l(w s x^P k (w^)+ 2Z r,(xA)w i # where 
* i»o * 

q(w,x,!X) * — I £1£a2La2Q . 1 , 4, 

27t?i J (a - w) PjsA) 
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+ A. Cf Mi^JLl 1 MAM % and 

27ti Y P fc (z, A ) 2 - w 



ATC^xA) dz 



l 

r^x, A)- — 
1 2*1^ ^ x 



i rr 7>f(z,xA) p^Cz,^ ) . . 

+ U — — dzAdz . 

2 7&i Y z P fc (z B A) 

ill these integrals are Boohner Integrals in C ®F. We 
have to check:, that they are defined* and yield smooth functi- 
ons* The (formal) computation above is valid* sinoe we used 
only linearity of the integral. How a Boohner integral is de- 
fined, if the function is continuous and the domain (or its 
closure) is compact. The result is smooth in the remaining 
variaoles* if all derivatives of the integrand are continuous 
(we may interchange differentiation and integration)* , 

The first integrals in the definition of both, q and, 
r are defined and smooth as long as the zeros of P fc (z*^ ) 
in z do not occur on the curve T if ^ is small enough* 

Let us check: this s Assume that fo#y . »£Y we have 
< 4^ \ z\<^ 2 <1* maxl^X 1 i< E , Then 

jz* + ZT V 1> I - Xl XI i zM > lg - kg*. 

For E small enough the last' number will be positive, 

' The second inte^trals in the definitions exist and ere 

smooth, since vanishes to infinite order on the zeros 

of P v and for real z (we need w reel in' the theorem ) s 
this tefce* care of l/(z - w)« qe d. 

14 • To prove the Firenberg extension iemma we need anot- 
her lemma first. We denote • 

inf{ly~Ito »ii z€€, P fc (^A)= o} for ygfi 
and A€€ k . 

15* feron* (Mather) I There exists ©.continuous function 
B X © k xlH — ^[o^l] such that 

^(^>Aiy)« in a neighbourhood of y » 0* ^ (16) 
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^C^^Uy)* -when l^yl > 1* W> 

" P(f Ay) s in a neighbourhood of £(yA)- U*0 

2)y 

(19) The function ' $ a»j) is infinitely often diCfor^n- 
tieble with respect to end its derivatives cro conti- 

nuous with respect to all variables end satisfy 

Hp" W Ay) H c ^f.^ K ^ 1+ ^i 1+lofl+ ^ l+ ^ 

for all multiindloes c( and all T£K> and ill ^ € K 

where K " is compact Id C te and in a oonatant da puna 1,1%; 
as indicated. 

20. Proof of the Nirenberg extension lemma lo, usin# 
lemma 15* 

Given a smooth function f tEX £— *C ®f $ in K com- 
pactly supported* we consider the Pour ier trc nsforra 

f(l^x) » |f f(t # x)#* arCi ^dt, 

fhis integral exists in C ®F since f (• ,x) is compactly 
supported, and f(S~ ,x) la smooth (compare the Isst argu- 
ments, in 13.). .Furthermore ilf ("Sf ,x)ll^ T !|f(t,x)I(dt » 00 

~<sb 

is uniformly bounded in for each x<?:£. If p(T§r ) is * 
polynomial, then 

P<?)*Of,x> * |f(t a x)p(f )e~ 2r&u f&n 



?f(t^x)pf - 2- |(a** 2mt! ?)at 
-00 \ zm On J 

\ 2 TCI 0%) 



the last equation holds, since - ~« le formally self* 

27W 2>tJ 

adjoint (use Integration by parts, after reducing to I m II 
by duality as in the proof of 9 # ). 

So IpC^^(^i,x)11 is uniformly bounded too and UfO*,x)|J 
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is rapidly decreasing .in s and each derivative of f has 
the seine property (us8 the same argument for the derivative)* 
We define now the extension t of f. For (z,x,A)£CxBx^ 
we put ^ 

f(z,x/X)« ^ ^Cf z)e 27Ci ? ?z fC^ x )df , 

-00 

where (j> is the function of lemma 15. 

We claim that this integral is uniformly absolutely con- 
vergent in € ®F and that we can differentiate under the 
integral sign, l*e. for any multiindices cC % p and T,£g1S 
the following integral is again uniformly absolutely convergent s 

For, by (1?) and (19), 

is uniformly bounded by a polynomial in J'Sj | v end l|f(^,x)ll 
is rapidly decreasing. So the integral exists in €®F (it 
does so on each compact in fit, and if we piece together com- 
pacts ia an appropriate manner the Integrals of the norm of 
the function direr- these compacts will converge). ^in even 
simpler argument applies to each derivative of f with res- 
pect to x. So ? exists and is smooth. 

By (16) and the Fourier inversion formula (which, holds 
€<g)F too s use duality to reduce it to the case F *■ ft as 
in the proof of 9.) is extension of ft 
00 

f(t,x)= p^x^ 271 ^^ = fCt.xA), tee. 

So (11) holds. _ ' 1 

By (16) again M ^pishes to infinite order on 

£lm z « 0} and by (18) to infinite order on £ OA)*^^)* 
m 0j> so (12) holds. q ed. 



/ 
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21 • P roof of lemma 15* let 



<^.,A>» j | ^ lo « p k (x + 2dx ' 80 * ffi x c (22) 

We claim that ( S is defined in 14.) 

1/2 ^Op) ^ 6(.fj,%^ fc 2 /2 cT(^A> if S (^A) ^ , (25 ) 

To show this we integrate by residues. 

■ Fix <r\€R and ^£C fc , let z^...^ be the zeros of 

zh _>P (z.^X). Then P fc (*,A) = TT(z - 

i 

j2ii/(x + ^i^^i^fZ - — \ — jE ) * 



Let 



d 

dx 



log P fc (x ♦ 'rji^)) 2 . 



' -00 



for x£E 1 

Q(x)= 

27C 

Clearly q(z) ts mesomorphic and s 2 Q(z) is bounded out- 
"side a suitable compact set* If Q(x) has no real poles, i*e» 
if > °« then by the method of residue© it follows 

«»* o© 

* i (sun of all residues of in 

-io 

the upper half plane) 

Hz i: 1 x £ 1 ' ^ 

^61 k Y 5 f2l|l j €B g»l z^-Zj + 2/j|i / ' 

where A denotes the set of all j auoh that la «->1J and 

B denotes the set of all $ such that Ita z.j<: T} ; we sup- 
pose furthermore that ^i £ 5 fc +4|i for all 3,1c Jtthls 
i*s a condition on A ), so the last equation holds, 

I** now b 3fc * 1 if 3,fc£i» b^ « -OL if sod' 
b^ fc » otherwise, fhen the above is equal to 



l«3»£^fc M ■ I "Sg - 2^|il 2 
p 

This is the sum of k nonnegacive quantities each of . which 
is ^ ■ 1/2 sn<i s * le«st one of then is s l/2<5nfy»^). ♦ 

Hence (23) follows in case that j£ ¥g. + ^i foe all 

i % £* By continuity, (23) holds in general* 

'How we want to estimate the partial derivatives of <5 . 
YJe claim that 

for all multiindices d»f» .all Tgl and all ;\gK, a 
compact subset, of € fc , whenever ^(f)»^) ^ 0, 

We have 

^ lo 3 P k (x«f7)iA)p= H(x^^)/{p fc (x+^i^)| 2 , (25) 

where B(x/rj,?l) is a polynomial in (x J X / ?j)€.^ S^Xfi of 
degree 2k - 2 in ' x. " ' 

iny first partial derivative of (25) is of the form 
B^x,<rj,>)/lP fc (x+ 'Tji A)l^* where is a polynomial of de- 

gree at most 2fc - 2 + 2k « 4fc - 2 in x. 

■Any ;}«th partial derivative of (25) is of the form 
R^x^^AVlP^x-^^i^)! 2 ^ 1 ^^ where is a polynomial of 

degree at most 2k(l + j-l)-2 + 2(1 + j-l)fc = 2kj-2 in x 
by induction. Ip^x + iji,^) 1 2 ^ 1+ ^) is a polynomial in 

*\€ G k * with leading coefficient 1 in x, of degree 
2k(1 + j) in x» this is 2k+ 2 higher than the degree of 
B.- in x. The s©me argument applies to ij * if 6~07j*^)/£ B 
i.e. if there are no poles on the line x f ?|i, xfetfl. So the 
dominating factor is the .distance to the next pole, in the 
appropriate power, and ■ 5 (t|,A) measures the "vertical" 

distance to the next pole. So we obtain the following t Por 

ft 

any compact subset K of € there exists a constant 
0(K, j) such that 

B b1 (x,^) . 1 ^ 



.<i + Sty»^ k < 1+w,+, P ,+r) . 

1/(1+ Ixl 2 ^) is intestable along B, bo we my integrate 
the above estimate with respeot to x to obtain (24). 

We will construct the function . 

Let g be a smooth function [0,00) — *-B satisfying 

g(e) = 1 if ^ t ^ 4fc 3 B 

g(«) 1 if 4k 3 t ^ 8k 3 , (26) 

g(t) a if 8^t. 

Let h be a second smooth function [p,oo) — >tR satisfying 
h(t)= if t ^ g f or some 0< 6<Tl/2, 

0<Ch(t)^l Ifg^t^Tl-g , (2?) 

h(t)= 1 If i-e^t. 
Then define f(T§ A,?) for ("E;A,y)€JR X C lc X K as foil own » 
f (?Ay)= o if i/(i+|fl)^|y|. 

= 1 x if |y|«: 1/2(1+ |f 1), 

a h(4(i+i^i)5 s<<ytyA>'<i+i?!))d/ij ) 

y if l/2(l+!5lVy N <l/(itJ5i), 

» h(4(i+|^|) J s(cr(o|,^)/(i+|?|))d7j ) 

if -1/(1+1^ -1/2(1+15)). 

First we olsim that 
1 

( ^ gCOtl).^)/(l+lfl))*n>l/4Cl+15l) (29) 
J -2CE+lp ' 



5 



aO+Tp 
l 



1 s(<T(lJ^)/(l+i^|))d^>V4(l+|^I). (3o) 

For that remember the deflation of 5" (14) and (23). 

Let m be Lebesgue measure on E and I(\= )«[l/p(l+ |^J), 
1/(1+ )"§!)]. Then s simple georaetriosl argument (choro a.-<s at 
most fc different zeros of P fc (.»^) for fixed * > b i W b 

m({l)ei(5)i m(I(p)^,(^ € I^.&^x e }> 

>l/2(l+J^J)-2rfc. ' 
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7/e ere interested in the set of those * for which 
t:( cr(^ % aV(l+ 1, Sufficient for that is <T(/?}^)/(l+|^I) 
<g by (26). 3y (23) 6(fj>\) ^ k 2 /2 SX^mX* > so we obtain 

the sufficient condition 50n,90 ^ l/8fc(l+ l^fi). But now 
^C^6IC5)» StyM > l/8te(l+ 1^!)})> 1/4(1+11-1) as we com- ' 
nufcod above. (29) follows since on this set g = 1. 
A similar argument proves (3o). 

Uoins (29) and (3o) we see that the definitions of ' 

coincide on overlapping ititervalls* so {jKTj^y) 
is smooth in ^\ and y for fixed lj • 

Let us oheok now whether the conditions. (16>r(19) of 
lemma 15 are satisfied i 

(16) On a neighbourhood of y = 0, exactly for 1/2(1+ lfl)> 
we have ^(Ijj^y) 38 1 by definition. 

(17) If l*§yl >1> cten !y!>l/|5! >l/(l+r§|), so y(fA,y)« . 
= by definition. 

(18) We want that ^j^' fC§ in a neighbourhood of 
S~(y^) - 0. ' ' ' 

^-fC^Xj> h f (4(1+1?!) J +lf g^ 

y 

. (-4(l+lf l)g(o-(y/\)/(l+l?D)), if y€lC§). 
If y Is so near at » Jl)= } that 

£Cy.0O^i/i6fc?(i+l§l)* then <y(y,^VCl+I?l) > 
>l/2 5*(y,%Cl+!^D > 8k 3 , 
using (23), so gC<y(y»^)/Cl+l?|))» by (26). If S(y»A)= 0, 
then (25) does not hold but the conclusion holds by continuity. 

So ^_^>(^^ J y)s: : o. Exactly the same argument applies, if • 
y 6 - lO=) . 

(19) We already know that f(.f,Xj) is smooth with respect 
Co !\»y. So we have only to estimate 

\W W^f 1 '■ 1 
For fixed we know that f>(*= is constant outside 
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I(^)V/(-K^))* in particular for lyj > 1/(1+1^!)^ 

Let low K £ € fc be compact and consider 5\£€ t{ \ $e want 
to estimate' for A€K the expression 

1 

■aaf 2A P 3y r y ' ; 

and the similar expression for y£(-K2p). 

The partial derivative (31) is a polynomial in the par- 
tial derivatives of h and g (which are uniformly bounded 
since both are constant outside a compact set) and in l+l^|» 
1/(1+ 1?!) aodL the partial derivatives of <S . 

The latter are bounded by an expression 

c (c( ,p.T» K )(i + <5r( y ar 2SE(:L+l0 " +1 P ,+ T) ). 

using (24). Heoall that Sij/X) is the "vertical" distance 
from y to the next zero of P fc (.,A)« If remains in K 
then the set -of all these zeros is bounded, so this expression 
above becomes big only in a compact set, where we can bound it- 
uniformly. So we can disregard all partial derivatives and of 
course 1/(1+1^1) in (31). Bo (31) is bounded by a polynomial 
in l+ifl* of order lot| + Ip|+T * just the order partial 

derivative (31)« So finally we obtain a bound of the form 
0(< p»T,K)Cl+ I*j| l4 * W,+ + T ) . d# 
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